When you are done with your homework you should be able to...

n Determine intervals on which a function is concave upward or concave
downward

n Find any points of inflection of the graph of a function
n Apply the Second Derivative Test to find relative extrema of a function

Warm-up: Consider the graph of f’' shown below.
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a. ldentify the interval(s) on which f is
i. increasing =4’ >0

(-9,5)V (-, 3)

ii. decreasmg .., .;: ¢4 0

(-w -2 0(5")0(8 )

b. Estlmate the value(s) of X at which f has a relative

I.  minimum %z-q)_l
ii.  maximum x:_s’g




MATH 150/GRACEY

DEFINITION OF CONCAVITY

Let f be differentiable on an open interval | . The graph of f is concave upward

on | if f' isincreasing on the interval and concave downward on | if f’ is

decreasing on the interval.

THEOREM: TEST FOR CONCAVITY

~
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Let f be a function whose second derivative exists on an open interval | .

1. 1f f"(x)>0 forall X in |, then f is concave upward on I .

2. 1f f"(x)<0 forall X in I, then f is concave downward on I .
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MATH 150/GRACEY

Example 1: Identify the open intervals on which the function is concave upward or

concave downward. (-05)\) L ;l(\ ,vﬂ_
a y=-x+3x"-2 & : “ ) ~

y ()= - 2% +6X y 607 -6 (=D
5%0: -bx vl y'(0)7 -6(o-1) = ¢ >0
0 = -bxib y'(1)--t(2-7) =-C<0

— )

Y IS Waveupwdoh (-oo,\) and
(oneme downward en (1,%)
5) = - X 45X -2
5'x)= -2y" + bx
th ()= Ly 16

b. f(x)=+siﬁ’ [-7,7]
F(x)= X +2¢sex
£'(x)= | -2¢scxcotX

F'(R) = -Z[Gcscxcotx)cotx ¥ esex (- csczx)]
§"(x)7 2csex (cat'x + €5CX)

Z%:O Cﬂ't;’( -|'CSCL>(:O ( — \\ + ]
W =0 T {’ Al
e (o) sin°X 59 =260 (0r)
U‘PU‘)M ’ (,OSZX = - | 5:(%: Z(l)(o ‘H)

Md cone /2 _
Jowonward on (T ,0)



MATH 150/GRACEY

DEFINITION OF POINT OF INFLECTION

-

Let f be a function that is continuous on an open interval and let Cbe an element

in the interval. If the graph of f has a tangent line at the point (C, f (C)) then

this point is a point of inflection of the graph of f if the concavity of f changes
\from upward to downward or from downward to upward at the point.

/

THEOREM: POINTS OF INFLECTION

[ I (¢, f (c)) is a point of inflection of the graph of f , then either f”(c)=0or fj

does not exist at X=C .'?O'IdS 0»} \?ﬂ{(‘hm mh‘ rs' “\JUS o w

IN comcavity -
Example 2: Consider the function g(X)=2x"-8x+3.

A= 4

a. Discuss the concavity of the graph of g .

9 (x) = X -§ (“°°,03+ ) (2,e)

.\.
1
9 (x): P >
_
o = MX aé ) 1L 3'\6 (,emave//—\
) 4 (x)= DI
% = O H upword  (-e)V

9" (- = M >0 (o,m)fahmuu’
9//(0 - 7},{ >0

concaue dawnwad J)

b. Find all points of inflection.

N&£7j;mﬂfﬂw(4/’5 No d{\(u\ﬂe, wn CO\”Caur\)ﬂ:))
{/N_—@ 'H\Q(?_'é no ‘)Orlﬂ'i'é 0‘? m—meohafh |




MATH 150/GRACEY

THEOREM: SECOND DERIVATIVE TEST

ﬁet f be a function such that f'(C) =0 and the second derivative of f exist%

an open interval containingC.

1. 1f £"(x)>0, then f has a relative minimum at (¢, f (c)).

2. 1f £"(x)<0, then f has a relative maximum at (¢, f (c)).

3. If T”(x)=0, the test FAILS and you need to run the FIRST DERIVATIVE

& TEST. /

Example 3: Find all relative extrema. Use the Second Derivative Test where

applicable. }{%)_- (%5’.6 (%)L+7(%

a. f(x)=x>-5x"+7x

Q ok e [ors) | QFd ) 3]2-200]
- bt -1 -10S4+6
CS"(X):QJQ_'\())H‘/I __><3 5”(%):Q,Xf—\o - ;X—b\q ]q.;. ]

- 3[2]

$@)- Hx-Tx -2 + 1
$1) = 2 ( -1 =1 (3%
£ ()= (3% 1) (x=)

O = (32-7)(x-1)
Ly-) =0 of X-\ 20
X = :73_ X = |

C,,'-:j; ond Co = \

3 flog e om0 5 ON ]
+o yun the 2d QCfI\M

F'(3)=%(3)-0 - 4>0

cwrvin d o “-F% , 50 there’S
® Yaladive miniMnem o C%/J}[%)): %;ﬁ

$+" ()= L0)-10=-4 <0
curv‘?n downwrd o e =), sofhele's &
elodive mac o (V F(D))=(1,3).
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b. f(X)Zﬁ

£'x)- | (x-) =x (1)

e

(x—o"

(
frx) (x)

+ O ond o x=1 thte's a \/e,r‘lﬁmﬁaojwﬁ!ff
N Hhaes no rlative edrema .
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Example 4: Sketch the graph of a function f having the given c:t']rz?rgcterlstlcs

f(0)=f(2)=0 — x-dercepts

f'(x)>0 if x<1 — £is 1T on (—-oo 1)
f'(1)=0 — ot x=| |5 hos o el maX
f'(x)<0 if x>1 — Dt.bxbﬁ‘“ (1,00)

(
f”(x)<0 £16 tencave ¥ oon (-oa/DCO




