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Calculus is the mathematics of Cha“?- . What does this
mean?? Well, think about traveling on highway 5 when there's no traffic (if that's
even possible®). Suppose you travel from MiraCosta College to go o the races in
Del Mar. It takes you 40 minutes to travel and also park at the racetrack. The

total distance you traveled is 19 miles. From your precalculus knowledge, are you

i\
able to find this rate with the given information? \X'O — . If yes, find the

rate. : 396 :
d=>rt (= ‘qm:-‘n'%
= a)

14 - |r=z8,5m9h7

4o
What type of rate of change did you find? The a,lero&c}g rate
of change, assuming that you traveled at a omsyant speed. Is
this realistic? I\IQPL . Suppose you passed by the highway patrol

while you were on the freeway, and he used his radar gun to find out your rate?

This would measure your __{” o at the exact moment he

got the reading. This type of rate of change is __{N& tan taneound

This leads us to the ‘\'QM line problem.
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to eul

Example 1: Find the equation of the line secant to graph of f(x)==x"+2 at
x=0and x=3., =D AKX F 3= = 3 %b‘)

ot

§(x rox) - Fx)
JIRTZ
Sec.  (R¥bX)- X %

- )C(,“—Ax)-?()O
AKX
- s,(ka)’g'(K‘)
L
$(o) = -0yl =7

o =T
;.(o.‘_b): ‘;(3)3 -5+ =
~1-7

Sefgs__/i/_ﬂ

3, 1, = 3(7"0)

1))

9

"m

5,2_ > 37‘
(/

The main difference between precalculus and calculus is the addition of the

)‘ . process to your calculations, and thinking of

'\ﬂb‘\'&f\‘\'cu\m change versus ___ OWN‘RX< "'ﬁuz-— change.
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Without Calculus

With Differential Calculus

: V=Lx)
Value of f(x) [ Limit of f(x) as
when x = ¢ ] ; 3 x approaches ¢
Slope of a line Slope of a curve

Secant line to
a curve

Tangent line to
acurve

Average rate of
change between

Instantancous

rate of change

=qgandt=b ar=g
Curvature Curvature
of a circle of a curve

Height of a
curve when
X=¢

Maximum height
of a curve on
an interval

Tangent plane
1o a sphere

Tangent plane
to a surface

Direction of
motion along
a line

Direction of
motion along
acurve
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Without Calculus

With Integral Calculus

Area of a
rectangle

Area under
a curve

y

Work done by a
constant force

Work done by a
variable force

/ \\ N N IR AN TN

Center of a
rectangle

Centroid of
aregion

v

1 il

>\

Length of a
line segment

Length of
an arc

f

Surface area
of a cylinder

Surface area of a
solid of revolution

Mass of a solid

Mass of a solid

of constant of variable

density density

Volume of a Volume of a

rectangular region under

solid a surface

Sum of a Sum of an

finite number ata+---+a, =8 infinite number atataz+- =8
of terms of terms
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The _ ACeA problem combines O\'l‘gfel( m\‘hcg— and
ird’e.aro-o.o calculus.

Example 2: Consider the region bounded by the graphs of f(x)=x*,y=0,and
x=1,

Exploration
Consider the region bounded by the graphs of

f=2 y=0 and x=1

as shown in part (a) of the figure. The area of the region can be approximated
by two sets of rectangles—one set inscribed within the region and the other set
circumscribed over the region, as shown in parts (b) and (c). Find the sum of
the areas of each set of rectangles. Then use your results to approximate the
arca of the region.

Y &

5 A ( 5]
[ flx)=x"| fl‘.\‘l:.\"‘
— \T
N

] -4

A\
R

(a) Bounded region (b) Inscribed rectangles (¢) Circumscribed rectangles

. ________________________________________________________________________________________________________|
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Calculus is Divided into Two Categories

/N

Differential Calculus Integral Calculus
(Rate of Change) (Accumulation)

N/

Fundamental Theorem of Calculus
(Connects Differential and Integral Calculus)

. ________________________________________________________________________________________________________|
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Section 1.2: Finding Limits Graphically and Numerically
When you finish your homework you should be able to...
n Estimate a limit using a numerical or graphical appr'oach

m Learn different ways that a limit can fail to exist* A 4 (,D“'b)(ﬁ\ Abl'bl)

m Study and use a formal definition of limit. A ﬁ3 - (A'ﬁ)(ﬂ +AB #5)
,\/M\
w Consider the functi f(x)—xs+1 \
arm-up: Consider the function =
oL xr)
1. Graph the function by hand. ‘5'(") - X1 ’
- ey \
. 1T\
a HES S £(x) = %~ xH ,XE-)
) Vertex= (- = ,4-(-%;))
1 SEEEEEE 2
i EEEEEEE f(x)= ox"rox ¥
IEEEEN EEEEEE
e I T N 1) R Y
F101-8 -9 = 1D ‘La Z(Q = 2
SEEEEN i 1 4. 2
cee e e e 5(%)- 'L '* Ve
11 1 EEENEN
= | L (b)) <?—")
T EEEEE xi$ -Fm—l' tx=h
1/ Discontinuity) -
‘ j_L,_)__\L-u) -(-Dx\ =3 ac\«d.d
M‘(“‘q §C2) =5 corc‘z
%eag\' $(3)z=q-3 %1 =7
§(-2)="1
4
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2. f(-1)=_undefined .

At (- 3) hare's ar\aeanurdh.on 3fa_?k dua

bﬁw&%‘;}m@ bastd on Yo L4l divided out fom

3. Graph the function on your graphing calculator and sketch the result.
Sihea as x> -\
51om the \eft and
X %H') Y 5
OppYool nq 3

2
Aim 2t - 3
AD-l X¥
4, Now, please complete the chart below. )
Hdim x4\
AS L ==\ From the left FX)3 x5-r- ;—5‘-3
AS X9 -1 from the right, FOO> 3 im0 g
x¥-Y el
X -1.1 -1.01 -1.001 |-0999 |-099 |-0.9
P (x):x3+1 35\ | 2.030\|3,0050) 1 qq791|2.400| 2,10
x+1
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Guess what? We just did some calculus!l! The first three entries on the chart

above represent the 79“\'\" +‘ as K _@mmm_ -1 from

the M of _¥(x) . In mathese, we write this as
AW £(x)

K>\ or for clarity, we write
. 3
Am x +)\
Xd-l x4\ .The next three entries on the chart above

represent the /Q i M as _X _&P'ﬂ( oacheo -1 from the
¢ .19_&\_1' of j (x ) . In mathese, we write this as
Aim . T (x)

X=> =| or for clarity, we write
) 3
LA Rt
Yy —
KD =" x4\

\
Now...did we get the same approximate result for each one-sided limit? % o’

Cooll This means that we have discovered that the _‘23 ‘Dﬂ'
as_ A approaches _~ \ of f ()() is 3

from
This implies that if there is no designation of approaching ferm the lek or

approaching from the fla‘l\* , the (N - 6idQCL limits

approach the same % - valug

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 10



\\0} (=) - (2) 2(\-%) -4 (A6 )(A-B) =A-B"

Example 2: Complete the table and use the result to es‘rima‘re the limit,

_u --3 - N
o hony % \/1 X — 2) m— _\.'L) t-;?z ((}A;s(z__ -
a. x—>3 x+3 ‘\r‘-:; L }'{5 (B4 {7—)

mo«ﬁ Awn 1-x -4 -x{;n; o
§ﬁ'\ A= (x42) (e &z) oS, | fi-x tZ |
A\ ——m— LD B - .
/ D.9. =dwecY subsyivutian * o2 Y
wr/\rﬂ )
9 A V=¥ -t -"0.19 v Jv-x -2 »253
‘ \"\ - - x < ! ) o + _— - . .
§ A o ) 5 XD xfa
“:‘.Q o/ X 31 |-301 |-3001 |-2999 |-299 |-29
ub
2 : 1
koﬁ\’/ f(X) , ‘D\%‘\ o .,DQG ; a,\c“\‘r\ 01,‘600 0.1'9 00’9 0'1,6\6$
tm m - ]
»-3 v =9 25 ¢
- 1
hmcos ,Qm-\ oo\
o lmoos- ascillgtes 0 Amasel. DNE
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5.(‘!\&) =

. . 5 (29)-
c. Consider the function f(x) _ 21 ™
Let's h the function: X = o)

e grapl e function $x) - a
VAt 4 -9 =0 ; ’1 : ‘
2 . : 2 -
=9 %)
1; -:";3? x:-}lx=3 —e- R T . . = = 12
RA: “3 O . ‘f(?t)
— ] - ﬁ q
s * T NEEmr e 's -
JoX orcapt® - : %
-int: §(0)= L [ =
J 07,‘\ 9 .6
\
X- k1 NoNE e
- { = Qo&t&d’ /‘ﬁ)
O =z > 0=} Xisn :
X 2.9 2.99 2.999 3.001 3.01 3.1
2 o Wi
rx) B e | ot st et |
What observations would you make about the behavior of this function at the
vertical asymptote x =3 ?
\
As o approaches i from the _,XQ%t of _%”-9 the function
M =20ses without bwf\d and as & _approaches é from the
PP
)
r'caﬂ' of _,;’,q . The function _INCA Z(LSQ,S without
: - Q’ *’Q‘m _"—' = ’lf
&MSA . Therefore, ‘93' = osand x23" x*-2 59

L L
do not exist, and thus x>? x -—q

also _@_ﬂd’_ QXiQ‘\'

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 12



COMMON TYPES OF BEHAVIOR ASSOCTATED WITH NONEXISTENCE OF A
LIMIT

1. f (x ) approaches a different number from the right side of ¢ than it
approaches from the left side.

2. | (x ) increases or decreases without bound as x approaches c.

3. f (x ) oscillates between two fixed values as x approaches c.

Example 3: Consider the function
sinx, x<0
g(x)=<1-cosx, O<x<x

COSX, X>T
——

a. Please graph the function:
9(0) = 610 6 =0

:
5(43 . s Ts) = - ‘
l-(ﬁéo“ "o L\f’-&ﬁ »-él)
%\é‘zgg v RN A T
g(Tr2) = l-cos Tz = | ) T >

9 () = | —esl 2 L -(\)5%

a\"’") tos T = -\ a?u\c.t(c,\e_

A 3<3 /L)’Cs /7' n I% u

e e e
VS

BT - .

-+—

i

b. Now identify the values of ¢ for which the llmg( ) exists in interval

notation. [ﬁ o0 —n) %) (“ oqﬂ s{:’f\“ 36‘) = ‘L ond
E‘m + 50‘) =

CREATED BY SHANNON MYERS (FORMERLY GRACEY) ) ﬂ‘m 3 “) DNE 13
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DEFINITION OF LIMIT

Let f be a function defined on an open interval containing ¢ (except possibly at ¢)
and let L be a real number. The statement

lim f(x) =L

X—>C

means that for each small positive number epsilon, denoted & , there exists a

small positive humber delta, denoted o , such that if

0<|x—c|<d, then |f(x)-L|<e.

Let's check it out!

http://www.acsu.buffalo.edu/~mbschild/Media-Calculus/Media-Calculus.html

&—0 Limit of f(x) as x—c

k-c|<d = |f(x)-L|<e&

J(x)

N

o
+
(< 7g]

¢-§
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E 4: Find the limit L. Then find 6 >0 such that |f(x)—Z| <0.01 whenever

xX—c|<o <

[+~ DS . L =21
= (5) R 24 z: 0.0\

ygg(xz + 4)

5'(%):)3-\—“
\.f(,q-L‘(o,ot ez 5
| >+ -2a|<0.0¢
| ab| = \al\bl

|1:L'L5\ 40 .0\
I(x&‘S)(x-‘S)“D'M

\“5\“,5\& O.0\N
0.0\

-5 e _—
\’L \ l'xffﬁl
5\( 0.000456

so |x

- {
bl (b
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R~ - @ . e~ A e =

/;s,zq)

~ —_- — - —_—— e — — - —

—5 X

_— — =

-
L I e

6.00049

435

300D

290\= ¢

29= L

2899= -2 +-



1.3: Evaluating Limits Analytically
When you are done with your homework you should be able to...
n Evaluate a limit using properties of limits
n Develop and use a strategy for finding limits
n Evaluate a limit using dividing out and rationalizing techniques
n Evaluate a limit using the Squeeze Theorem

Warm- up A’l_ 63 (A 6)”‘ r A® *6)
e cu) L (3) A*36% = (A+B)(AN - AB6™)

1. Factor and SImphfy

3
8x° —27 /—Bﬁ_\‘('b‘ +8)
0 s =(m9)(me)0\t32

1)

"

(3) + 3)*)
()A)L‘Z") r @)+ & bt s 4
(ZX 3))(‘3)‘ +0x1;1)/x 27
| - (8%~
=\ix rex t4 F12xHOX L
- (12%"-1$%)
% -2
b. \x3 —2x° —4x +38, -(\¥x -’;7)
- z(x-?.)-* (x-2) So. z"'g)("“‘fvx‘ﬁ)
- =8x3.27
= (x- 2K -1D Lr,
D | A-B = (WB)A6)
OATF X F
ad
c. 3 ~11x—4 oA
= Bx - ox Fix -4 b

e DR A= 4) + | X'“) c\Z . tsz}.“
= %+ 1) X ey
'\(X'”‘ N

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 16




N =
(A+B)(A-8):A-b
2. Rationalize the numerator. Simplify if possible.

(Var1-2) ((xxV_+2
x=3 (H?T 1 2)

@srr) (2> T
T (x-3)(FaT *2) =\’§¢'{T/+_Z
_ XYl - -4

CEDERTY +2)
- Eox

Example 1: Find the following function values.

a. f(x)z & —

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 17



Example 2: Evaluate ‘rhg‘ following limits using your grapfj)_i&q calculator.

a. £ig41(—2) :l -_JZ.

b limx =m

x—4

. ________________________________________________________________________________________________________|
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DIRECT SUBSTITUTION

If the limit of f(x) as x approaches cis f(c), then the limit may be
evaluated using direct substitution. That is, lim /(x) = f(c). These types of

functions are continuous at c.

THEOREM: SOME BASIC LIMITS

Let b and ¢ be real numbers and let n be a positive integer.

. . . )
limb = b Iimx= ¢ Iimx" = ¢
i, WS Y g, QLIS &9 3. L
X—=>c xX—c X=>C n
u=b y=x y=xX

J J

THEOREM: PROPERTIES OF LIMITS

Let b and ¢ be real numbers, let n be a positive integer, and let f and g be
functions with the following limits.

limf(x)zL and limg(x):K
LIMIT
1. Scalar multiple: ECIE}} :bf(x):l =bL
2. Sum or difference: £1£101 :f(x)ig(x)] —L+K
3. Product: 16123 :f(x)g(X):l =LK
: _f(x) L
4. Quotient: E}Ecl g(x) =—,K=#0
5. Power: £1E)Icl :f(X)]n =0

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 19



Example 3: Find the limit. Identify the individual functions and the properties

you used to evaluate the limit. _ 05 .
o lim(5-x) = Aim 5 = Am 2 f;rrz(é-x) = §-
x—2 7(,.)2_ xﬁL 2@
=5-2

- @

fW=_5 . e=-_ %

Properties used: *2

. . ) D.S. )
s A (bx-S) \ Aim ﬁg - f’gg/—g—
b. lim( i ) = x-éO xy O n-Z (0) -2

o(" )

i 0(07’5
i

| =
12

f(x)=_6%-9 ., g(x)=_x%x -2

Properties used: # Y

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 20



THEOREM: LIMITS OF POLYNOMIAL AND RATIONAL FUNCTIONS

Example 4: Find the following limits.

D2 q 2
o lim(—x'+6x°-2) =-(2 ¥6(3) -2
_ -3V +354-2
—_—
=]-24
d

6. 3
i N GL) A

Iim
b. +542x 47 2(-4) 1
- 69
> ’

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 21



THEOREM: THE LIMIT OF A RADICAL FUNCTION

Example 5: Find the following limits.
D5
L limx = {225
© x—225 @
z

‘\l )‘“ - x‘
b. xljgisg/; < Ao \ : = (_3;/5‘: -3:=-3
= UG HFzy

THEOREM: THE LIMIT OF A COMPOSITE FUNCTION

" — |
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 22



sk =(5mxy*

Example 6: Cor{sider the composite function h(x) = f(g(X)) =sin” x_ So,
S(x)=_% and g(x)=_sn« AR AN

1
Evaluate the following. = ( Sty )

o o[2)-Th

o |l
-

lim [6inxj
b

x—)T

. ) .
Iimsin“x=| I

zr
X—>—
4

Stnx

AR

C.

X—>

1]
—

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 23



THEOREM: LIMITS OF TRIGONOMETRIC FUNCTIONS

Let ¢ be a real number in the domain of the given
trigonometric function.
1. lim(sinx)=sinc 2. lim(cosx)=cosc
3. lim(tanx)=tanc 4. lim(cotx)=cotc
5. lim(secx)=secc 6. lim(cscx)=cscc
Example 7: Evaluate the followiﬁr:g limits. »=|-3 |
: D2 p1y
lim (tanx) = Fan ( 3)
¢ aF AL
50 =
- 1§
>
_ Bh ,
- - \/b

b lim(cosx) = cod w

X7

li ¢|Am 2
.. lim CSC— i ©

T
V,c_so’@

|
Ty

S

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 24

_’@'/n



THEOREM: FUNCTIONS THAT AGREE AT ALL BUT ONE POINT

Let ¢ be a real number and let f(x)=g(x) for all x#cin an open interval

containing c. If the limit of g(x) as x approaches c exists, then the limit
of f(x) also exists and

limf(x) = limg(x).

X—>C X—>C

Example 8: Find the following limits, first using direct substitution. If you get

indeterminate result, try using the theorem aboye and |den‘r|fy g(x).
@ Fackor & rewdrike

an

. |
\l\ a. Direct substitution: }1311);:1 5. b() 7;:\‘
'
®limx3+10:~_('/\;_‘;\.—- . o wl\j\""‘d 0&) éﬁ/)(x xH)

x—>-1 x+1] (-\)*l (&)
l%. X3" jmn 2 ) l
W\ L - " | X=X+ a(x)z XJ"'L""

o
b. Direct substitution: lim————— —
3 x-3 (3)’3 o
limx —5x+6 ,Q|m M)(X’Z7 ..
x—3 X — 3 xgg D;- (5) 2.

- flm (x- L)

THE SQUEEZE THEOREM

at

c itself, and if £i£13h(x) =L= !Cig}g(X) then {jg}f(X) exists and is equal to L.

If h(x)< f(x)<g(x) for all xin an open interval containing ¢, except possibly at

CREATED BY SHANNON MYERS (FORMERLY GRACEY)
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1L

THEOREM: TWO SPECIAL TRIGONOMETRIC LIMITS N\m@/{‘
e
. 1—cosx
Iim—— =0 é“/_)
x—0 X
2
A: 1O¢

‘eso o -0

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 26



Example 9: Find the following limits.

2 Dﬁ.(‘\'& 77'
. tan" x _ ad
a. Direct Substitution: %}Bg = > = (=X N\cﬂ@ \,/\
X Q o V(ﬂ«-‘ :
. $$
2 : %\q R I
lim X A <
>0 x X9
. - sva X
< 4 ( 5‘2’( —_
9s°X x . o
=9 C‘ . 5‘;&‘?9. 9_\m‘\’
. Jim X Am DT d

?33n0 \

(@5 )
= 2.\

' oa,(//
=[0 tanx PS5 | _ tan W Wess g

: o lim
b. Direct Substitution: 57/ i X — COS X

: Gu%
l-tanx _ v )= 52

(@]
s Wy - cosTy o

lim =
-7 SN X —COSX XD :r/"( SR - COSK
. ' : \
2 i M . ,

oS- \ vz
= - —
cos "y -z
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STRATEGIES FOR FINDING LIMITS

1. Try using_divect subgtitution
first. If this works, you are done! If not, go to step 2.

2. If you obtain an ir\,o\v_&o, ronnak L result when using direct

o
substitution ( D ), try

a. fmc‘l-orin% the numerator and denomina’ror,_divl'o(ihQIJ

out common factors, and then use direct JéuhS’f'\‘\\&ﬁd\
on the new expression.

b. P\a\ti onall L, v the numerator, and then use direct

substitution on the new expression.
3. If you obtain an indeterminate result when using direct substitution (0/0),

ona_ A\ %Or\omeiftc. expression try

a. Rewriting the expression using trigonometric __ 1 An gL €9
and then use direct substitution on the new expression.
b. Rewriting the expression using trigonometric identities, and then use

)\'m S{WX _ \

the special trigonometric limits X0 > and
Jlm 1:_6_6)_5’)-" = O
xX=>0 x

4, ygn ‘fag your result by graphing the function on your
graphing calculator.

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 28



Example 10: Find the following limits.

lim Ko Evi\ flon
a. Direct substitution: =y ; —
o4 x—4 o Ratienadine
nwmar Aoy

L (rm2-2) (2 v §Z)
ot x4 (== 5z )

. i (x-2) -2
AS U G (K E +7)

_ e (M

x4 FN(ET 172

P 12 2 W se——
Ay Vx-z +5%

b. Direct Substitution: lim

Ax—0

2(x+Ax)" —2x°

lim
Ax—0 Ax .
_ Z)“m (x{—bx)’b- (X)
AX-> 0 D% A
- 9 Aim mex)'r%“("*‘”‘)' ] A-B = (AnENE)
* L x50 BX

' :
‘ A)(] p& | X 2 1 v
_ 2 Am Xt g AX) : LY+ b

<2 A (2x+ax)
SX59

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 29
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X
c. Direct Substitution: lim

21 1, (x32)
3(x 37 3 (x-%)

HO X
. 3_*/";5—- e
Y, 2(x-%) Lo
(
= 'v::o 33:—5) *!
> \

-
-

Evil flan
Tri 9. Tdenhities

s

CoS 6’tan¢9 b

-

d. Direct Substitution: lim = %

6—0

6\\’\6
lim cos @ tan @ L C}éé
6—0 0 6,’0

. _3‘“/6 59&109 i’ﬁ%- \i et
T 950 9

N
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1.4: Continuity and One-Sided Limits

When you are done with your homework you should be able to...
n Determine continuity at a point and continuity on an open interval
n Determine one-sided limits and continuity on a closed interval
n Use properties of continuity
1 Understand and use the Intermediate Value Theorem

X4 _ () x-2)

Warm-up: Consider the function f(x): = ')C"L, X# -2

X+2 X2
)
a. Sketch the graph. £ )
=-2 ‘SC")-) = -y e )
hole @ *» ot
i TR
- ' s %
i ;%
b. f(-2)= undetinad 4 14 not cont(luowd
ginea FC-2L) s
nst defined,

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 31



DEFINITION OF CONTINUITY

CONTINUITY AT A POINT: A function
f is continuous at c if the following three

conditions are meft. . IY?/

1. f(¢) is defined. ‘J\Q,d\

o lim £ ()

* X—C

3. lim f(x)=f(c).

X—>C

exists.

Consider the warm-up problem. Use the definition of continuity at a point to

determine if f is continuous atx=-2? §Q.Q a\oov& \l\/
Dowen' b Doasn ¥ Doasa’ ¥ et
, ek %\ , mast ¥7 ,  *3
A A

|
|

Ya¢
not defined. does not exist.

fle)is i lim f(x)
i p (e/f (c-))

lim f(x) # f(c)

K=

e

I

I

|
@

| i F&+ :
1L e - . } i, ;» { o
| | S { 2
a C b a e b ) . b
$(¢) ie wndefined Am §(x) DNe i $(x) # §(=)
x>c x—>c
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CONTINUITY ON AN OPEN INTERVAL:

A function is continuous on an open interval (a, b) if it is continuous at each

point in the interval. A function that is continuous on the entire real line is

everywhere continuous.

‘ | | ‘ | A | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
t | | | | |
| | | |
: ; a | /‘\
| | ! | |
| | | | | |

| | ® |
| | | | |
| | | | |
| | | | |
| | | | |
| | ; | | |

t [ i } >\ —t " J > X . [ } » X
\ I \ \ {
a ¢ b a C b a C b

(a) Removable discontinuity (b) Nontemovable discontinuity ~ (¢) Removable discontinuity

Example 1: Draw the graph of the following functions with the given
characteristics on the open interval from a to b:

%LY-)

a. The function has a removable

discontinuity at x =0

5—(4) 'S defmsw\
bud Awe £(x) 2 §(0)
x29

#3 isn'} gl
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(a,b)

(t\a. The function has a nonremovable

discontinuity at X =0

R
N q\f Gep qreph

Y
é‘vi’o‘ s =[11=)
$(%y=nl=o

THEOREM: THE EXISTENCE OF A LIMIT

{ ||

y §00 = b or f6yEm&d g

> X

approaches cis L if and only if

Let f be a function and let ¢ and L be real numbers. The limit of f(x) as x

lim f(x) =L and lim f(x) = JL
[”'n\’] )
1 "
) Y
y a» |
/7\_/ B o‘.g(‘ ’\G) (
[E l"./(v\') . ¢L \((\ﬂ;
N e<x | | f(a) - "' )
(a) Limit as x approaches ¢ from the right. (b)
GV
v ﬂﬂ
) - e
/’\*{\_/ 12
J(x)4 i
i [ i

z = l
A [

c>X
(b) Limit as x approaches ¢ from the left.

Figure 1.28
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CONTINUITY ON A CLOSED INTERVAL:

A function f is continuous on the closed interval [a,b] if it is continuous on

the open interval (a, b) and

lim f(x)zf(a) and lim f(x)zf(b).

x—at x—b~

The function f is continuous from the right at a and continuous from the
left at b.

Example 2: Graph each function and use the definition of continuity to discuss
the continuity of each function.

smK
o g(x)=tanx = 26 L
(057 =20 whwen Ob‘)
A A
RN ) ‘ | i L] '
%IZig = 4«! ' 4
- [ HENEEN N q-!.‘.,.,,., = 0 i ;
\ 4 1% continuonl en 1 ' ; "
NN E
: piunmn e
“af ) % 38
%')L:xcfl’\,x,ﬁ{*““';“éz { - =
b yun
{ , ‘
L |
IE FEHEE
| BRE] { ‘ l
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3
st Ly
N\
a'
P -
x
%

Baurdory fp‘m’(é -

= F' I
X=2,4Y=-2 '_piscon“'inuk{uo dyr=24
Xz't ! 3 = ')1 e S

3 19 conkinuous ot |

opan <ircles ok

(2,-2) and (4,-4) S (-2,2)0(2,4)0 (4,00)

v
\P%p %1,‘. 'x.vet‘U‘%“}

P

. ________________________________________________________________________________________________________|
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THEOREM: PROPERTIES OF CONTINUITY

If bis areal number and f and g are continuous at X = C then the following
functions are also continuous at c.

1. Scalar multiple: bf
2. Sum or difference: fxg
3. Product: fg
f
4. Quotient: g’ g(c) =0

The following types of functions are continuous at every point in their

domains.
n n—1
1. Polynomial functions: p(x) =a,x ta, \x +-+ax+R
p(x)
: . r(x)z , q(x);tO
2. Rational functions: q(x) A +a_‘f'md
_n x = 3’]7 domon)
3. Radical functions: f(x) = \/; r x >0
4. Trigonometric functions: sinx, cosx, tanx, cotx, secx, cscx 3o
ayan
indices

THEOREM: CONTINUITY OF A COMPOSITE FUNCTION

If gis continuous at ¢ and f is continuous at g(c)

then the composite function (f ° g)(x) = f(g(X))

is continuous at c.
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THEOREM: THE INTERMEDIATE VALUE THEOREM
If fis continuous on the closed interval [a,b] and k is any number

between / (a) and (b), then there is at _least one number c in
{a,b) such that f(C) =k.

T
Example 3: Consider the function f(x) =C0S2X on the closed interval {095}-

a. Sketch the graph of f by hand. ::ic%/b( \
§(8) = cos (L0) = w05 &= | T‘ !
s@) w22 esW oot
= gE P =g= = =Pl ) @ = -4”:|:= =
1‘ \flfl . ] = [
o | ! sEEifiisass
'ﬂ/‘\ o b n:[_ BL-OE 8 -3 = *
M1 |- Y
al i

b. State the reason why we can apply the intermediate value theorem (IVT).
Jis contiuons on [6,72] and k=L and -14 3¢,

1
c. Use the IVT to find ¢ such that f(c) = 5
F) = s2¢
\

: Wwsle = L¢3 -

of
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Example 4: Evaluate the one-sided limits.

25 Z )
T2 x+2

s \
S. ¢ 4 X~
m¥r2% & -2 2 = “N)%Joq’
>4 x—4 u-4
im (% -2) &+ e
7 (x-4) (& +7) i q «T
| S XA (a
FONEED 4
A ) J

c. lim——
=100 x—10 ‘a’\o
3
' ; ix-el
( i /‘—‘)’ -
\ : \ ) —> o© x -
w
‘Ade fime DNE
im ] trands Yo - oo, oAb Finite |
x>0 x
\ﬁ(*‘s ’0‘50\
,L— = '\060
-t
o0
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1.5: Infinite Limits
When you finish your homework you should be able to...
 Determine infinite limits from the left and from the right
n Find and sketch the vertical asymptotes of the graph of a function

Warm-up: Evaluate the following limits analytically.
1/(x+4)-1/4 | 0>
hn&[ [r4)-14]2 o

X
n
G ) .(X/*Lg

>'\m T+t 4 [%xx4)
-l-_\/ ‘
20 ke = “
o - (x¥H)
/

)
270—)0 "l(?(ﬁ"‘t> x

A
= i‘l:; uZ‘ ()

a.

w@ 4()(4'"’\‘)
»r
B 4(0*4) ) Y
2 (c. S8 )
N A 11mtan 0 A\ co
9 L 050 @ &?0 61’6
; \
0 Alm é_\n’;_—-v * -6-
Q@Q”‘, 630 (05 ©
@d g S(ne . 9.“\6,. _p :@
- )\ Pt 6662-6

5pn,<..'o~1 i—ﬁs

Ly



_sin(#/2) Vo
c. lim e 2
t—0 t /L

_ L gim S0
Z -b‘?O <t/7’ AK(J\O)
= 1 et
= 7> | e\_\SQLc,\ }\ff\
DEFINITION OF INFINITE LIMITS

Let f be a function that is defined at every real number in some open interval
containing c (except possibly at ¢). The statement

limf(x):oo

X—>C

means that for each M > 0 there exists a 0 >0, such that / (*)>M whenever

0< |x—C| <0. Similarly, the statement

lim f(x) = —oo

X—>C

means that for each N < 0there exists a 0 >0, such that / (X) <N whenever

0< |x—C| < 0. To define the infinite limit from the left, replace 0 < |X—C| <0 by

c—0 <x<c. To define the infinite limit from the right, replace 0< |X—C| <o by
c<x<c+o.

lhm f{x) ===
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Example 1: Determine the infinite limit.

lim —> “;% =2 = thuo mwons hege ‘s & Verticol
Yoomee O asyngite of vz
Ll A ° -%.0) 5 "
‘ 625 Yo - o8
vol 25 Ao =7
e > _/(-_ o
Q.OQO"’C‘ ‘%Zo-; ’xl‘?b

s %'\3“"3'
#

. TX
b lim sec—

x—3"

. ________________________________________________________________________________________________________|
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DEFINITION OF VERTICAL ASYMPTOTE

If f(x) approaches infinity or negative infinity as x approaches c¢ from the right
or the left, then the line x=c is a vertical asymptote of the graph of 1.

THEOREM: VERTICAL ASYMPTOTES

Let / and g be continuous on an open interval containing c. If f(c)#0, g(c)=0,
and there exists an open interval containing ¢ such thatg(x)#0 forall x#c in
the interval, then the graph of the function given by

has a vertical asymptote at x=c.

Example 2: Find the vertical asymptotes (if any) of the graph of the function.

cos @
a. g(@): 0
. Dﬁ‘ , -
e ouk R 852 = — = |ther’S o V.N & O=0
eso0

. ________________________________________________________________________________________________________|
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x’—4

b. h(x):x3+2i§2+x+2 Jacticak
(x32)(%-2) NG VA st
Rl o TIe e S C s
g BMVAL/AS a hote ok L= -C.

h (%)= (P2 X222

THEOREM: PROPERTIES OF INFINITE LIMITS

Let band L be real numbers and let /' and g be functions such that

lim f(x)=00  and limg(x)=L

X—>C X—>C

lim[ f

1. Sum or difference: voe L

X—>C —

(x)
2. Product: lim f(x)g x) =00, L>0
(x)

3. Quotient: £1_r)r3 f(x)

Similar properties hold for one-sided limits and for functions for which the
limit of f(x) as x approaches c is —o .
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) 2 . )
Example 3: Let !Clilgf(x):—g, £1i13g(x)=00 and £1§61h(x):5_ Determine the

following limits: .
Am §(x)
() | xoe
lim

x—c g(x) )\m s(x)

-1/3
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2.1: The Derivative and the Tangent Line Problem

When you are done with your homework you should be able to...
n Find the slope of the tangent line to a curve at a point
1 Use the limit definition to find the derivative of a function
1 Understand the relationship between differentiability and continuity

Warm-up: Find the following limits;. )
a. lim 3x = dwm 5

Ces0 242 x>0 ';KX*L)

A >

%20 xX+2
V> 3
411 (xad)
b, 1"(x+4) 4 (xwi

x—0 X

- A 4-x-H
%0 '-((xh&) x

,Q\'m "i‘ . )
= x> 4(x+4) %

' -\
:Xtm

K20 ¢ (x+4)

DR
- -

Y@r4)

-
=
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\
.
o mae P \ 6= x

c. lim(x+Ax)3—x = 2
Ax—0 Ax 3 3 4 N 2
g (e an O o)1 87) - A0 - (A-8)(AvABE)
b4 m
AX>0 AX -
Jian (X UL TR (T By — Toscad’s B
T AP0 Ax (atb) = o
2450 o . (a+b) lavlh e @
K4
\,) la P‘LO«\oHL |
; +x,Ax-}2xA%*\'ZXAx}NX+AX (a¥ ) 2 2
- R Wé ~ {(oﬂ'b) -\a +3a h+3o.\, +lb v\
: SR

OX->J N
24 bx t2AOX +2X

jhm —

AX-)D |

M(Bx FIALR +AY~
12t

F px20 SR
“)

RO (37 FBrAx + X
AR DO

. ________________________________________________________________________________________________________|
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DEFINITION OF TANGENT LINE WITH SLOPE m

If f is defined on an open interval containing ¢, and if the limit

lim — Ay = lim f(c+Ax)—f(c) =m
Ax—0 Ax Ax—0 Ax

exists, then the line passing through (c.f(c)) with slope m is the tangent
line to the graph of f at the point(c.f(c)).

**The slope of the tangent line to the graph of f'at the poinT(c,f(C)) is also
called the slope of the graph of f at x = c.

Example 1: Find the slope of the graph off()@a‘r the point (1, 2’{usmg

the limit definition.
e dim BEs0 - 2 ¢ ¥

>x>0 AX

\ +CH-A£-Z

A%
X320 _ o ok 2

ANANNNARARADZANNNNNARARARARENAN

ReATED 1 s eSS O enl.."ll....lll
™ Done



DEFINITION FOR VERTICAL TANGENT LINES

If f is continuous at ¢ and

lim f(c+Ax)—f(c) =00 or lim
Ax—0 Ax Ax—0 Ax

the vertical line x =c passing through the point (c,f (C)) is a vertical
tangent line to the graph of f.

DEFINITION OF THE DERIVATIVE OF A FUNCTION

The derivative of f at x is given by

N f(x+Ax)—f(x)
f(x)_Aliglo Ax

provided the limit exists. For all x for which this limit exists, f* isa
function of x.

The process of finding the derivative of a function is called

) N Ok"ﬁﬂ A function is giffzm\ﬁo)olz/ at x if its

derivative exists at x and is differentiable on an open interval (a, b) if it is

differentiable at £ Ve,f‘b _‘PaiN‘\' in the interval.
NOTATION FOR THE DERIVATIVE OF y=f(x):

Y, ¥ (x), a%&"’ 4. %B‘ﬂ] | D [§0)]
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Example 2: Find the derivative of f(x)=4-x"using the limit process.
3
df(x :ﬁ@ - X )

X , _ }"m j’(x*bx) "f()()
§() = px=o DX

4-x)

N S
5’ (X) = A(m _;AT

~ xS0 5 &)
ﬂ(ﬂ\ M(_gx - LXK R
/ =
§'9= [ 5a 2%
L 2
5;’()4); Lomn (-3><Z'3xé><'13" )
DHXD0

9'<><)D;6' _x - 3% (9) - ()"
- - 2 | Thuwo mﬂ\_q_slopﬂ of ¥~
@‘ -5 % 3(010"\ o =1

wWhat 15 thesiope ’
of the yraph af”
a~> %"6

§(5)=-25)

-
-
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ALTERNATIVE LIMIT FORM OF THE DERIVATIVE

£(e)=lim )=/ ()

X—>C X—C

This form of the derivative requires that the one-sided limits

tim 2= g i L)1)

x—c xX—C x—ct X—C

exist and are equal.

Example 3: Is the function f(x)=x""differentiable at x = 0?

dim  F(x)-7F (3)
v>0" + -0

2 ’)L"'/s C)t/ &4
WY -
= > 0_\_ —_
% x -4
I

_ o —
‘70-%0‘} « K
Yonds towsrds 7

s pm }v% ¥ nds

AF0 * Yowaxds -9

. l ' -
~\}]\.\g4 )lm ~/1/3 bNE ond {' 15 nd“ L _ %m n
2¥Q % %"
ifforentioble oF =2 Moo Ty,

sz;l‘/:ﬁ =X

THEOREM: DIFFERENTIABILITY IMPLIES CONTINUITY -0
If fis differentiable at x=c, then f is continuous at x=c. \__/X_
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2.2: Basic Differentiation Rules and Rates of Change

When you are done with your homework you should be able to...

n Find the derivative of a function using the constant rule
Find the derivative of a function using the power rule
Find the derivative of a function using the constant multiple rule
Find the derivative of a function using the sum and difference rules
Find the derivative of the sine function and of the cosine function
Use derivatives to find rates of change

a a a a 3a

Warm-up: Find the following derivatives using the limit definition of the
derivative.

a f)=2 gl p(xaax)~F &)y ey e b

Jc( ) AX24 AX , 4%7Q
LAim 2z -2 ‘x)= O

3: (x) - ox—)o :,(

b. f(x)=x

5= dim FGera) =F)
AVerde -
§(x) pon M:—

OX20O z@mdﬁf
S0y - gé‘ifzmmx L
AX—20 OxK

£7(x)= A AL,
Ax—9 é>$<,

g’(x);' Tox 5O
)
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Evil flan
tos (ATD) = CosRCosh -sinAsnd
A |—cesE _
60 _1} -0
o Sme |
e6>9 & -~

c. f(x)=cosx
( f(vax) §(x)
3 ) = X % AX

Cos (X¥AL) - COS%
fc)f“” e

AX20 DX | |
L COSX S PR - S5VAX SN A — EaS L
£ = axs0 AR
/ - X\m —co5 X +COSXCOS AX —sNKSINDX
5 &)= DX2D AX | |
~cosx (I- cosax) _ fiyn SMRSINAX
‘& (K) Axv-?O OX L£X=>0 AN |
/ i (’64574) “Q \__Cis_b_i}_ Avens Sinx]y;m;o SZ\LAK
3 ){A")O LX0 - Ax BP0 A0 D

s~ cosx][ 0 )=l 5 selpc-
2.5 G{Jm\a\ P.5. 5 H\%Q\
9. ﬂ'3
L.,

THEOREM: THE CONSTANT RULE
The derivative of a constant function is zero. That is, if ¢ is a real number,

d
_ =0
then dx [C]

Hmmm...isn't this theorem the equivalent of saying that the 5\0‘9-0' of a
horizoqteldl  Jineis zero? y -6

Example 1: Find the derlva‘rlve of the function g(x)=6.
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THEOREM: THE POWER RULE

If n is a rational number, then the function f(x)=x" is differentiable and

%[xn]:nxn—l

For 7 to be differentiable at x=0, n must be a number such that x""' is

defined on an interval containing zero.

°>t"‘°y£bExcxmple 2: Find the following derivatives.
F —
4 7 (x) )
U dx’ Vi 5-\
R $'(x) = 5(‘1:‘)
(1> —_
7 o = 5x

»
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THEOREM: THE CONSTANT MULTIPLE RULE
If f is a differentiable function and c is a real number, then ¢f is also
differentiable and

d :
L e ()] =o'

Proof: ﬂw‘(\ c&.cx.{,bﬂ)—c‘?()()
[CS:("‘ )] AXSDO DX
_ Jim c,[&(x+b><) g(x)l
DXR20
It Qo ¥ (x+l>><) 5 (x) X a
i b;:r—;O X/;’HD %““ e
= o5 ) V.

Example 3: Find ‘rhe slope of ‘rhe graph of f(x)=2x"at

f(X) 4
jc (x) _ Z.[Oi‘&’“] conrtent mult e
f,{)() - 2_(3)‘ ) ?ouoa( e
2

AN
N\g\\gfﬁ‘» 5( ()()‘; bX

a x=2 b. x=-6 c. x=0 .
$2) > 6 (2 § oo te) F'le) = ¢ ()

3
’ WL = =2 .
Find the e,cv;ojf.s'r\ 58 He KL fngent fo f(x)= ZX of x
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=4 (x-2)
4=




f'ez) =
(z,24)

15 where the sl

o § 5 24 o




THEOREM: THE SUM AND DIFFERENCE RULES

The sum (or difference) of two differentiable functions f and g is itself
differentiable. Moreover, the derivative of f+g (or f—g) is the sum (or
difference) of the derivatives of / and g.

L1 +e(]=7(x)+& ()

L) -2()]=1(0)-&(+)

Proof( o 5 +9 bE
ii;(,()»fd(,g)] Qwn [‘f()(fb)‘) ?cx)l !a(xfbx) 6‘)]
dX

AX=>0

,S,le £ (x +ax) -§ ) {mm 3<x+cx)—3cx)l

AX>O AX AX?0 AX

= $' )+ 3'&),/
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Example 4: Find the equation of Th tangent to the graph of
f(x)=x-¥xat x= 4,

1. Find the 2. Find ‘}(q) . 3. Write equation of
devivative the line
at )g-"\ f)=4-vq -l:f—anz\m‘\' to
‘[1‘ \ at X="‘ .
A56)pt-1") f)= 2

‘" - ;:m("xl)
—S(x):dﬁ%‘oé"‘x’ 33

y
- ! -1 3 (X—L\ﬂ
‘f'(%) = \’X‘» " il B !

£ V= T

.j'-(’l)' "zJ"' 3
sy 1- 4 —>F =7

THEOREM: DERIVATIVES OF THE SINE AND COSINE FUNCTIONS

Example 5: Find the derivative of the following functions with respect to the

independent variable: %2 A\
AO
s1nx _69 30030
a. f(x)= 6 cos )/ 34—(056 diff. of Z
SRR Ol @567 e
§'(4)= L S b e | /@72 -5 1 - b sind) muifi plen
&

}V) ] j L(e), 5 +3smej
o
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RATES OF CHANGE
We have seen how the derivative is used to determine _§ \09& . The
derivative may also be used to determine the roke of chw% of one

var able  with respect to another.

A common use for rate of change is to describe the motion of an object moving in

a straight line. In such problems, it is customary to use either a horizontal or a
vertical line with a designated origin to represent the line of motion. On such

lines, movement to the []q or is considered to be in

the positive direction, and'movement to the left or downwards is considered to be

in the ng,safug, direction.

THE POSITION FUNCTION is denoted by s and gives the position (relative to
the origin) of an object as a function of time. If, over a period of time Af, the
object changes its position by AS = s(t+At)=s(t)  then, by the familiar

formula

distance
rate = ———

time

the average velocity is

change in distance _ As

change in time
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Example 6: A ball is thrown straight down from the top of a 220-foot building
with an initial velocity of -22 feet per second. The position function for free-

falling objects measured in feet is s s(t)=—-161" +vt+s,.
S(t) = ~1bt® ¥ (-223 + 120 = S(E) = ~let —22¢ + 129

What is its velocu‘ry after 3 seconds?
Ms(t) ((e.t -1€ Y129)

b N
A 8’(E) = ‘3Zt w o After 5 Seconds  the velscity
0¥ the Lol is - 18 FL i

() s -me W
Al (.3) - -3’),(3) -LL
’\/(3)’ -\3 8t/$

What is its velocity after falling 108 feet?
4
109 = -lbL -22t Y110

el ofoc

-b =2.0
( discaxd nas. t VaSueo)

v(£)= "3t -1
V (1..07 - —%L(,'DO‘) -V

yoy= -36Ts

velocrtw of the bodl
! Z?Eur 50\“1?2 1o §L is -8 ¥ /s
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DUT 4K\ -- Vided for 2.9 was oxss\smi.
2.3: The Product and Quotient Rules and Higher-Order Derivatives

When you are done with your homework you should be able to...
n Find the derivative of a function using the product rule
n Find the derivative of a function using the quotient rule
n Find the derivative of a trigonometric function
n Find a higher-order derivative of a function

Warm-up: Find the derivative of the following functions. Simplify your result to a
single rational expression with positive exponents. m n meo

?\\b&\ﬁ“’a. 7(x)= 3x2\—/ic+2

X
./L
xﬁyf

5= Cam, k)

,4 =1 D%
Aﬂ:,:(x) ﬂq ! | Vo) “\\
fr'(%)‘z*”i" -\
-\ “3n

-3 1yt X e |
Fax® x)_ A=
5 (3‘) ‘?r- 2 X' x"" z

?‘\(e‘ b. g 5x 3)
qu 'L‘éx—-%‘)x{"’l

%'()‘) = 50%‘30 + 0
3' (x)= &% 0
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A\l

5 f(x)zcos(x—%)
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THEOREM: THE PRODUCT RULE

Proof:

|
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Example 1: Find the derivative of the following functions with respect to the
independent variable. Simplify your result to a single rational expression with
positive exponents.

a. g(x)=xcosx

. ________________________________________________________________________________________________________|
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c. f(x) =(x3 —x)(x2 +2)(x2 +x—1) Do not simplify this guy©®

THEOREM: THE QUOTIENT RULE
The quotient of two differentiable functions f and g is itself

differentiable at all values of x for which g(x)#0. Moreover, the derivative

of f/g is the derivative of the numerator times the denominator, minus the

numerator times the derivative of the denominator, all divided by the square
of the denominator.
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Example 2: Find the derivative of the following functions. Simplify your result fo a
single rational expression with positive exponents.

4
X

x+1

a. g(x)=

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 65



c. f(x)=tanx

. ________________________________________________________________________________________________________|
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THEOREM: DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

d 2
- t —
[CO X] =—CSC X

d s
. [tan x] = sec® x

d
—[csc x] — —cscxcotx
3y

d
—[sec x] —secxtan x
3y

Example 3: Find the derivative of the trigonometric functions with respect

to the independent variable.
a. g(x)=—2cscx

b. h(t)=cot’t

. ________________________________________________________________________________________________________|
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c. I"(S) _ SE€C S

HIGHER ORDER DERIVATIVES

Recall that you can obtain by differentiating a position

function.

You can obtain an function by differentiating a velocity

function. Or, you could also think about the acceleration function as the
derivative of the function.

. ________________________________________________________________________________________________________|
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100¢
2t+15

where v is

Example 4: An automobile's velocity starting from rest is v(¢)=

measured in feet per second. Find the acceleration at

a. b seconds

b. 10 seconds

c. 20 seconds

. ________________________________________________________________________________________________________|
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NOTATION FOR HIGHER-ORDER DERIVATIVES

First derivative

Second derivative

Third derivative

Fourth derivative

nth derivative

Example 5: Find the given higher-order derivative.

a f(x)=2- f"(x)

. ________________________________________________________________________________________________________|
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h(q = f(x)g(X]
b. f(4) (x):tanx, f(é)(x) h’ (X) = [‘}"(X)]% (X) +B' (“ﬂﬂ(")

() L
(X)) = R X

&
@N

W

£ (x) = (sax ) (secx)
?5(") G * f;(@mx )k + Sec W f,—((sz«)
£ (%) = QXA SRCK + RO secxtank
oo fude

‘S'LS) (x)= (sect )?'

790 F g

$+“ ()= 2ustextany

£ () = Lsecxseotany

BT” (X) = ’Lseclxm
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2.4: The Chain Rule
When you are done with your homework you should be able to...

n Find the derivative of a composite function using the Chain Rule.

n Find the derivative of a function using the General Power Rule.

n Simplify the derivative of a function using algebra.

n Find the derivative of a trigonometric function using the Chain Rule.

Theorem: The Chain Rule

If)V= f(”) is a differentiable function of uand ¥ = g(x) is a differentiable

function of x, then JV = f(g (x)) is a differentiable function of x and

Zi ) ZZ‘Z or ;;[f (g(x)]=r"(2(x) g (x).

TI-84 Plus
% Texas INSTRUMENTS

TI-84 Plus

STAT PLOT F1 TBLSET F2 FORMAT F3 CALC F4 TABLE F5

h(L) = (-EM\))(‘X/) h(x) = ¢os Zx')deué\\u):iéos 2x)

v A
h (%) = $1360] S C;: ’ h () =-Sw (&3:&2"
u' =

W ()= Fonax)-Z
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W (x) = #'[36014°(x)
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Example 1: Use the methods learned in 2.2 and 2.3 to evaluate the derivative of

the following functions. Then find the derivative using the Cham‘Rule Asa’l 4 D
a. v=(2- x) o (2-x)(2=X)(T%) y ,L‘ | ,;M"W
oldwa ¢ 2 3 )
= (2 + (-x))

Uk lC'L) (%) +?>(L) (—x) £3(2 (’X) v 1 (2) (x)
4(6 Xt bX - x)

z - = '3(%-1)
--\'),i-n;(v%( - y° 3 (% - 4x+t\)—>3

o\xﬂ

J 5 - -3L |)(z-x)]
ChLRule \ ¥ e -3 <) N
415 CZ'X) A= 2 }(M):uz
-ﬁ 3(2' X) (Z’X) 3/:23._\ -?l(u.)=3u
__5 3(z-><) (- \)—9 =—3CL-><)/] -
///_,\____,.,-*
b. J ( )—Sln2x i’{5’(7()3()()1:-5'6()3&)4&)3&)
"old wax”
_/‘5'( K) ZSW\KC.OSK \;,_J:F(X (\*9'0

5 () = 'Z_YQ. smx)cosﬁ y(oox) (2 cosx)] e ) - 205 .
$(9 = 2{@5)((037( T RCALLLS (-5wx ) J

$' ()7 2 (cos™x =50 “% )
Cthule

4 K

d;)‘(x) hs«n%

$/(d) = (05 (2% Y 2%)
560y =(ees1x )
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quotient rule : a%[i%%] - 396 -~ §69'&)

3 [3&)11
\/; t‘h.
c h(t):\/Z—l - h@)= o
"old way" "
ey (B MIE ) - K *fece™0 |
11._\)
e #7C G ">
W () = - i‘v} ‘/{
( ‘n,_,\>
l"l(t> = “——,—/:L'T‘;
24" (£*)
- )
Chain Rule ‘{L
h(‘t) i Fewnite as a q(aduci\'

+7 -\

A \n(t) %/t"* (t/a.)") oy product ¢yla /[&ma(t)l 5 tt)9&)
) = (ZEME™) v ()] e
o L) = Lt L R ”'") “ee=-nl]

W (6) = 1_%:”'(1; oy -t (t%") ")

h(g) =zt (" \)[(1/7"') fﬁ]

- )
W) ——
& (™)
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Theorem: The General Power Rule

If V= [u (x)] > where u is a differentiable function of x and n is a rational
humber, then

Example 2: Complete the table.

y=1r(g(x)) u=g(x) y=r(u)
y=(8x-3)" WK -2 y = "
y:tanﬂ T _"gf- Y= +an w

z
y=0sC" X u= csck y=4
- x25+6 4 7&% Y- %’*z 5u"“‘
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Example 3: Find the derivative of the following functions.
a. V=secx

\9/ = secxtony Basic Sacmuda

b. ¥y =sec2x 4
3 = ¢ (’b‘)tqn(b‘) Zx ) Q)‘\O"‘m uz 2x  +(w)= Secw
= (SQC'L’( fanlx )2 - %L’; =2 £(W):eutand

&’ = 2.SecXTan1K

- 2
C. y=Seczx — BI(SQQX,> \\;,P uz 2cx fw)=u

t ¢t :9.9. AL ‘
- = LL:LU“
3/2 Z(SQCX )Ci%( co X ) I wocdanyg ( )

= (25ecx Yseex tanx)

i j Lsec m‘cma
d. y=secx’ Q}O(\g\_q 2

=1 ‘Y’(U\\: LU
5 [sec(x)’r&ﬂ(ﬁ)] ) -

5 (gec;;c tam‘« )(.?,X)
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<
I
)

e.

£ y=(20-5)

h. ¥ =+/COSX

, )
N @oX

- g'n‘h(.

87 |
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. ________________________________________________________________________________________________________|
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1 B { 3 -z
T '!:7@(’&(5 = (1x -H5> A\cy)ov@u

d f(x)=

4 ") = ,-(2x H‘S) L‘* (Ix HS)} o wla
X (<) = (Lx ﬂ‘S)(/(o* )

. ________________________________________________________________________________________________________|
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e. dﬂ h(x) ji§sin2 4x)
we= [ Ao v relf () | product ik

(0 2
b (x) = 1S4 L 2 (swMx) } ’K“"‘u"‘]
chain

l/)' Lx) - S.\nLL\x 2 z'w'm\xx coS (Ux) Lﬂz&xl
h (%)= s Ux -\—(2x5in’~h< Cosb\x> (4)

| 7 0y= sk ¥ 3xsw+\><cosqxl

. ________________________________________________________________________________________________________|
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f. Find the equation of the tangent line at # =1 for the function

S(t)=(9—t2)2/3_
5«6. = m(t‘-t\)

t,=)
need § () =4,

s = (a-07)* = (NF) < 4
(t,,4.)7 (\,4)

ned mn -3 )
/ % d z
ne s'): 2 (a-1) [£ ()] oboi“ﬁ
s ()= Z(1-£) P (-2%)
5'((): %(‘\*(db)‘h (-L(t))
U/(|)= 3;3}__%— -2
, 2
s ()=~ 3%
enstcuct ec),.oSr linss
3'5L= W\Ct"t‘)
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2.5: Implicit Differentiation

When you are done with your homework you should be able to...
n Distinguish between functions written in implicit form and explicit form
n Use implicit differentiation to find the derivative of a function

Warm-up: Find the derivative of the following relation. Y
x*+y° =25

32: 25- 707'

5--{{577

2\'(2
‘/("LS ’y/ ) or 3: - (}9')( )

295
A’)b

-\
REACSOMEICO)
l

2 %
IMPLICIT AND EXPLICIT RELATIONS ‘

Up to this point, we have typically seen functions expressed in _2 xol LC | 1’

form. y = Zx 3 ')(,»370-?43 +33—z°| Q

< +j _ ZX hard o 19e(atle 3
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Some relations or functions are only 'wmg\ieaL by an equation.

764,(6'& 22D er 6m(7&+5) = s'm(x{})‘ 5

When you were differentiating the warm-up problem, you were able to explicitly
write y as a function of x, using L equations.

x%¥«j7’:b§
% (B o 9B x

Oftentimes, it is difficult to write y as a function of x gxpli‘-d"j :
In order to differentiate we must use 'th\icit differentiation. To

understand how fo find % implicitly, you must know which variable you are
X

differentiating with _¢eopecT  to. You must use the halin rule on

any variable which is different than the one you are differentiating with respect

fo. %l 15 a9 o dﬁ—
A X L 3

Example 1: Find the derivative of the following functions with respect to x.
Simplify your result to a single rational expression with positive exponents.

A M e
, \;C'
ﬂ = 57(4 }7 \{(‘P
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Recadd . ..

¢ 2 +y)22s Iy gt
AX % 3

i+ a4 v )

b ¥ and

294 + 2¢( M;%z@l "

ad _
x4y =0

2’3(%?( = — Z‘X/

GUIDELINES FOR IMPLICIT DIFFERENTIATION (WITH RESPECT TO

X)
]
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Example 2: Find the derivative of the following functions with respect to x.
Simplify your result to a single rational expression with positive exponents.

a. 4cosxsiny=1

¢ ' 0L
2(co51 5N )
; K( Y ek

< i@;)é)&ﬂﬂ‘l’ LOSX(gQS\(\j\f O
%o . N&Q
c%(j)ﬁz(j)] =0 houwm-

Q(c)d\o\c/%‘ (LLQL

_,5'“»\3(,5)'0\«5 -\'cosvb[
: : (%&L) =
,s\n%s\l"l&-\' (@) 7(,(05‘3 B2

cosXcosy (42) = saxsy
A X Q05K6053

a4 - Yot fony
A ¥

. ________________________________________________________________________________________________________|
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b. X’y+y’x=-2

C. X=C8C—

. ________________________________________________________________________________________________________|
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Example 3: Use implicit differentiation to find an equation of the tangent line to
2 2

the hyperbola %—%ﬂ at x=4. Sketch the graphs of the hyperbola and the

tangent line at x=4 .

. ________________________________________________________________________________________________________|
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Example 4: Find the points at which the graph of the equation
4x* +y* —8x+4y+4=0 has a horizontal tangent line.

d%(qxl+37’, 3%+ Uy ry) ﬁ@

/“Lb( z{'j\ S/b’%/?b‘” Lﬁ us /Lk =0

4+ 209 S %gcwbho ©

o+ 240@)-g v ugs) = o
) (g2) = 8-t

d = ¢- Ix
w2 (97)
dy _ 804)
Ax 2(5+L>
o g 292 40120
Stope of g’ = )
oxeoﬂ‘"

Whate hofizantall fangent's

(2D O - L}([«x)w

Atmpem’(s )

O°"k<"x) (1,0) cmo((\—'47

b&@;mﬁo o= =X FANPS ra‘a\r\ hos
'\ﬂ&\ \NC X =\ hbr\un’v&\-omgwfr
[ Mﬂ?'%\{’-%m?*qj*q:@ Ao _J

At A=1":
Ea-"'l'(%:o
88
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do(da\_ 4y
A% (0“‘> axt ~J
Example 5: Find Z,Z in terms of xand y.
d 4
o )
KA =%
d_dyy=9n-2 ) ) 40
ax A% A dx A"y 4 (1+49) (\_x)a(lrtj)ﬂi((.ﬁ)
T
O*Km J X ax | A% (1-x)
RS . (=)
‘{\5 " wg&] =1 f;((,? d,:i (0+%)>(-®)-(ry)(0-1)
d 2
“y-A4% Ly .| . (1-x)

dX g« QC;\%(“*”(”@
5{\5-*7(4%; \‘\'\j dx* <|"X)7’
- Py 1 (o) 104

1>%) +(L+
B(1-0) = ¥4 A
o PTG
a4 _ 14y 4y _ 2 (1+4)
M dx‘v (\')4>7¢

| =% |

. ________________________________________________________________________________________________________|
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2.6: Related Rates

When you are done with your homework you should be able to...
n Find a related rate
1 Use related rates to solve real-life problems

War;m-ug 1: Find the derivative of V with respect to t.
= V=r‘h

/1A \
av g?)k ¥ é%"") produch e
T |

\ Al
&__2<¢ )C%—C((’ )\tﬂ'( 375

ot .
Foia A :

arm-up 2:
Find the volume of a cone with a PM inches and a height of 10 inches.
Round to the nearest hundredth.

VEISS
S

(z4) (1O
_(&x) A
2
.3
J = \QZOTV\”
FINDING RELATED RATES

We use the _ CLhan rule to _| m(\)‘ /(CH/ 13 find the rates of

change of two or more related variables that are changing with respect to
Y ime
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Some common formulas used in this section:
« Volume of a... y %
_2qc
— Sphere: V= 7%

PR
— Right Circular Cylinder: V= 0r
\\

A=
53

— Right Circular Cone: _\ ©

= = 28w+ 2 2wk
— Right Rectangular Prism: EB N 5 SA= 28w+ 2ihy
LS
— Right Rectangular Pyramid: N ="z

Z 1L T
» Pythagorean Theorem: _a Yo =¢

GUIDELINES FOR SOLVING RELATED-RATE PROBLEMS

1. Analyze: Identify all given quantities and quantities to be determined.
Make a sketch and label the quantities.

2. Related Variables Equation: Write an equation involving the variables whose
rates of change either are given or are to be determined.

3. Find the Related Rate: Using the Chain Rule, implicitly differentiate both
sides of the equation with respect to time t.

4. Find Desired Rate: After completing step 3, substitute into the resulting
equation all known values for the variables and their rates of change. Then
solve for the required rate of change.

5. Conclusion: Write your conclusion in words.

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 91



Example 1: Find the rate of change of the distance between the origin and a

. d
moving point on the graph of y=sinx if ﬁ = 2cm/sec

1. Analyze:

2. Related Variables Equation:

3. Find Related Rate:

4. Find Desired Rate:

5. Conclusion:

. ________________________________________________________________________________________________________|
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Example 2: Find the rate of change of the volume of a cone if dr/dt is 2 inches
per minute and h = 3r when r = 6 inches. Round to the nearest hundredth.
How is this problem different than the warm-up problem?

A
1 AnalyzeT:I " N "
= R W
N 7 'Do(\K ‘;?‘%U' X\"\l
Q\E = 20 /mn &x&d{\b@\@h C=C ond M=5r = N
3=
) \
e Rant to find S\/t
N (Be) P
\{ - ,_z_/ = "\ r
2. Related Variables Equation:
%
\/:Tl‘(
3. Find Related Rate:
dy A
4 4l
g
4t
2
9\;\./; 2e 9
4t st
4. Find Desired Rate:
. 1 . S
N gncde > o gT(ein) (TR ) 5i g in g
4k dv at MmN dt N

5. Conclusion: . —.
The \nsfantomeouo fode oF chongz of Tha voluuns is ZEK \thes
(Woad, par minude when Yha \‘gdlw s bW hso |
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Example 3: Angle of Elevation. A fish is reeled in at a rate of 1 foot per second
from a point 10 feet abc?ve the water. At what rate is the angle between the line

and the water changing when there is a total of 25 feet of line out?
/\/\_/_\/\

f,-u
1. Analyze: g’é = (W fepe
y - 2
3ng = ';‘ T X
We want %2 p,xod'\b when x =10 $
=

2. Related Variables Equation:

o
Smo = 3 s5(smb= — =

X , .t

o~ a th =C,

\> é )q_ LL‘» )C

o) Th = 77
3. Find Related Rate: O Lo= L 109
L = X“-100

d -4 ot
it S0 jo  —1O( M)
) “42) -
wole) 4 ()= 12 (Hr) 4

-2
case (‘;‘% -y %

4. Find Desired Rate:

40~ Sersec) 5 a2 L Pl 5 4 Y2 o 9oz
k o [EE] & A2 ac % *
5. Conclusion: | *

Ang c0Fe of change of the angfe Wi fh @5pet 1o fime when Hhele'S
75 ol fine is op oximately 002 cadianS fgp 0y

CREATED BY SHANNON MYERS (FORMERLY GRACEY)

94



Example 4: Consider the following situation:

A container, in the shape of an inverted right circular cone, has a radius of 5
inches at the top and a height of 7 inches. At the instant when the water in the
container is 6 inches deep, the surface level is falling at the rate of -1.3 in/s.
Find the rate at which the water is being drained.

1. Analyze:

2. Related Variables Equation:

3. Find Related Rate:

4. Find Desired Rate:

5. Conclusion:

. ________________________________________________________________________________________________________|
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Example 5: Shannon is trying to hang her Christmas lights. She has a ladder that
is 22 feet long. It is leaning against a wall of her house. Since Shannon did not
secure the ladder, it is moving away from the wall at a rate of 1.5 feet per second.
How fast is the top of the ladder moving down the wall when its base is 10 feet
from the wall?

1. Analyze:

2. Related Variables Equation:

3. Find Related Rate:

4. Find Desired Rate:

5. Conclusion:

. ________________________________________________________________________________________________________|
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3.1: Extrema on an Interval
When you are done with your homework you should be able to...

n Understand the definition of a function on an interval

n Understand the definition of relative extrema of a function on an open
interval

n Find extrema on a closed interval

Warm-up: Determine the point(s) at which the graph of f(x) =2x"—8x+5

S 3
o £ odh &mos?’ F(2):=1) -3@)+S
W 5= L I« 9 \‘y 4

has a horizontal tangent.
—_—_—

(2) = 3-1015
60% / LK% /% @m /’b 5' )
RN 5 (%) 17 5 (2)=-2
X 5 Yo
s o - % (%72) -
DAY of DAL A (2,/%) § hes atre (20t
O 1=1 Yonaent
o || Fonge _
EXTREMA OF A FUNCTION
In calculus, much effort is devoted to dg.{'ex M r\’mg the
behavior of a function / onan \ nferve\ I .Does f havea ir\fw‘g
, o on Whai A
AKX (Mum value or MmN muwm value on I ? Where
is / __n c(o.os;ns ? Whereis / __decceasian ? In

| J
this chapter, you will learn how dlﬁ@(’gn‘h’d IO can be used to

answer these questions.
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DEFINITION OF EXTREMA
Let f be defined on an open interval I containing c. \

1. f(C) is the minimum of / on [ if f(c)Sf(x) forall x in I .

2. f(C) is the maximum of f on I if f(¢)=f(x) forall x in 1.

The minimum and maximum of a function on an interval are the extreme values, or
extrema (the singular form of extrema is extremum), of the function on the
interval. The minimum and maximum of a function on an interval are also called
the absolute minimum and absolute maximum, or the global minimum and global

W(imum, on the interval. /

Let's check out the functions below. Identify the maximum and minimum of each
function. e moxymum = absolude Max = s\oba.\ max
(e

PRt

" no munimam = absolute mintmam =J\AL¢Q
mMin
Tha avdecred (:o:krs 3'we Yoo possib e
Cedarive \ocarons of extrema ; Y \Aama\‘dlr\d‘es
m : .
i World repestnt the gecsible mox ar min
vodues .
Weaxed
M‘M“g\fg‘w ox""a' m°°:
b w (d\*mc\‘u

Ce) oXWe N

a0 de lotoyed R

Mminiemuwn

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 98



THEOREM: THE EXTREME VALUE THEOREM

If f is continuous on a closed interval [a,b], then / has both a minimum and a

maximum on the closed interval.
Y F(4) 15 o Calahive Mmox

U"%@‘ TR 3 $(e7 15 Tha absolulie miaimnum
I %(0
$'(x)=0 L
O & b
abgalute 1
P ok YO $ (x) 20
\

DEFINITION OF RELATIVE EXTREMA

/1. If there is an open interval containing ¢ on which f(c) is a maximum, Theh
f(c) is called a relative maximum of 7, or you can say that / hasa
relative maximum at (c,f(c)).

2.  If there is an open interval containing ¢ on which 7(c) is a minimum, then

f(c) is called a relative minimum of 1, or you can say that f hasa
relative minimum at (c.f(c)).

Example 1: Find the value of the derivative at ‘rhe for the D‘?‘
o

X

function f(X)=C087 , % "_,(o) 3 y \L,("’\p\k
ﬁ [){) = "ES‘IG-TLE 03@
v Z «0,6\(’
5'0) = -3 o0 U

5 () =
¢ mr\dﬂ'xo3 w oY
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DEFINITION OF A CRITICAL NUMBER

Let f be defined at c. If f'(¢)=0 ORif f is not differentiable at ¢, then c

is a critical number. 2
]

Example 2: Find any critical numbers of the following functions. 4 ‘ NCa

on
a. f(x)=2x"—8x+5 ‘\/ﬁ;{m

S = Ix-9 tusp
o = 4&x-2) g
DU o O=XE T
x=Z c "
o0
fe=2] ( B

oo -\ =9
x=z=o of T ;
Q°S$ .smu"‘i
roez =, %
R ALY
J
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] (a&(,x))% AR
d( 9 () [5 (x)]L

R s
1
, 2%, -\ - b¥
k)= -—=
§ € Gy —
) - et -\ \Kgn’mu& aumeecs
D) _
° Ao L-4 =0 ¥ £==T
O = -3 -\1L Yoz oXe \IUF\C:&
35 = -\U dypees , so thase Valuds
b.,, . -4 Warld e port of 0~§'\3ﬂd\<u’]r
Sof tts’(\«\f) §or X ond V
t = I(LL ‘(\;tu\yo.OJO

o o eritical numbe(’$

Srom t\§9- 22105 of the
15+derivale . ‘
S [ d.‘%gt(ﬂ\t‘lcxb\@ on R doman’Vv

Ss o < vieal numnbe(s ram
THEOREM: RELATIVE EXTREMA OCCUR ONLY AT CRITICAL NUMBERS

If f has a relative minimum or relative maximum at x =c, then ¢ is a critical
number of f .

. ________________________________________________________________________________________________________|
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GUIDELINES FOR FINDING EXTREMA (AKA ABSOLUTE EXTREMA OR
GLOBAL EXTREMA) ON A CLOSED INTERVAL

ﬁ find the extrema of a continuous function f on a closed interval [a,b] , use the

following steps.

/.A.w.wrﬂ

Find the critical numbers of f in (a.,b).

Evaluate f at each critical number in (a,b).

Evaluate / at each endpoint of [a,b].

The least of these numbers is the minimum. The greatest is the

maximum.

/

Example 3: Locate the absolute extrema of the following functions function on the
closed interval.

Kl

)
a. f(x)=3c0sx, [—7[,7[] ’E"""' ""E J# 7 1 2888
1 ) e
1. Find critical numbers on ('Wﬂf). auN N >4t
"(x)=z -%9% N
= = 35IN¥K — - : :
O = > ¢=0 { : -
o = Swx —_— - e —  Swile
O k172 é. A\ i
*v = 1 . . .
111 ‘
2. Evaluate TS'CO) - 3 ,- l T T
o) = O = (\) = ; .
j—( ) 3 cos 3(\) =3 I 1 b :
| J
3. Evaluate the function at the )
Los (-8) =x8

$(-m) = 2cos(-T) = 3cosW = 3(-V) =-3

f(n) =35 = -5

Abssiutre eniaimum 15 -3
A bsolute maoxirauwm ¢35 .

$a (F9) =-4ind®
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30C>

b, g(l‘)=£= [3,5]
1. Find critical numbers on_(ﬂl
X%C )\(E-2) - £ [Fee2)] -

b-z)* % = t
) ) -+ (VD)
()= 1) =%
57 (-1
) ‘b" L‘t
) = 21—
3 G ) inpoHib\e $'

-2
y - _ S5 = - —> = -7 - o 2e(3S of s{der\V
9 ) =N O &0 ° ﬂmi der

?Q/ Evaluate =
N eriticsl 1F )
3. Evaluate the function at the gn&?b'\f\‘cs
2
8 (_3) = / = 7

2 . b5
305) g T =

Noe e\t mxm\aerj

Z

4. Conclusio
olote MoK 15 5]

Absoluka Mo s ; ;
| S —

|ocakrd oX (332)|2at t° 3 thamax (5 3
)
loca¥ed T s 5(3)‘9G1\2t'5,’\'&'~am~ﬂ\595’

N
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Example 4: A retailer has determined that of ordering and storing x

C=2x+ , 1< x<300.

units of a product is P

he delivery truck can
€ =15 om dlereat ok

bring at most 300 units per order.

a. Find the order size that will minimize cost.

[ (R)= 1 + 50000 L 51 t397 € 14X25%

) -1
- - £~ ;m(;cfozoo S0 ha ceiticodl numbers .
C ‘=2 " /x,’__ Evalsake m&@axﬂxS‘
%’ocﬁ () =2\ + ;coc\;o() = 3D0002
604600
Zé - Lot ¢, (B = L) +é% = 1600
v
zmoﬁ» = 2% Ao order size of 300 uniks Wil
159000 = L MWLV 22 oSt .

¥ B0 =%

b. Could the cost be decreased if the truck were replaced with one that could
bring at most 400 units? Explain.
¢.N. = 291 ¢ ISKS"YOO
259090
C(zg?) - 2(287)% —g7 N |5L{q

260

¢ (4a0d= 2d+ 22 & 550

e 28T wnite Wil m\ﬂ'\m
) T
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3.2: Rolle’s Theorem and the Mean Value Theorem
When you are done with your homework you should be able to...

n Understand and use Rolle's Theorem
n Understand and use the Mean Value Theorem

Warm-up: Locate the global extrema of the function f(x)=x"-12x on the

closed interval [0,4]. s C’L> - ('7,)4’,\7,(1)
L 3'(x)- %~ 1L @

o é%{‘\?’ 5’(1):4}(9
PR (® S =(0)-1)=0
k=X $(4) = @y’-na) =\
iy = K
L o= x B Glval minis -6 lecael at (27)
. =2 Globod max 2 e} locaked of (4,16)
-2 & (o,4)
ROLLE'S THEOREM
The __Exr¥ceme Value Theorem states that a continuous function on
a closed interval _| o \’] must have both a __tnunimum
and a __ M AR (on\wm . Both of these values, however, can occur
at the ___gn d ?o’\ avs . Rolle's Theorem gives conditions that
guarantee the existence of an extreme value in the \nYe\or of a

closed interval.
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THEOREM: ROLLE'S THEOREM

Let f be continuous on the closed interval [a,b] and differentiable on the open

interval (4,0). If f(a)= f(b) then there is at least one number ¢ in (@,b)such

J

that /'(c)=0. )
(& | o (e) ) 5
)5\.
v
‘.\ GANS /: >

Example 1: Determine whether Rolle's Theorem can be applied to f on the closed
interval [@.b] . Tf Rolle's Theorem can be applied, find all values of ¢ in the open

N

interval (4,0) such that f'(¢)=0.
A

(x) = Cos 2x, [—7[,7[] ; "

a
F ,ﬂ) = ¢cas(-2%) < cos(2®) = |

| | ™ Y
T N
\/ =0=@=P =@ =9= n—L‘ I ’x

T \h

§(r) = cos 2T 2 | T i

J § 15 coaxiaueso o0 L, ' é f; H
.\ -0 :

\/5- 15 d'tggaca,n{"\a)a)e_ an (-W/W). -

So goe ‘S Theosczms a.f?\'\e‘).

: \)(\_ . ‘-(ﬁ Y
PO |

-
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x|, [~4,4] $6¢)
5%

b. f(x)=

THEOREM: THE MEAN VALUE THEOREM (MVT)

& If f is continuous on the closed interval [4,b], and differentiable on the open )

interval (@.b), then there exists a number ¢ in (a,b) such that
| igflant anesws vafte of e hawa,\
is 2qual o Y averoge

(M'QO‘FCL\OJ\QL
N
HHH b £00)
7 WP i
ln
\
7
f‘ J t
%(Dﬂ /\\—/ J | Vv
(o1
h 4
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Example 2: Consider the function f(x)= Jx on the closed interval from [1,9].

a. 6raph the function on the given interval. 54
qu{«‘\:\mﬁ ’ a1
J -S \5 COﬁ‘L‘m N L\/ ' L
{515 diffeweriable (1,2) - 1
S0 thae MVT Com be 0‘??\"&4 ' 24 SRR
4 )°
10
'1“
b. Find and graph the secant line through the endpoints on the same coordinate
plane. . ) i) (1,1) i5 o- pointen
mSQC- b-a ﬂ:‘l P
S5l 2 greet
Msee " 5271 ° 78

%

c. Find and graph any tangent lines to the graph of f that are parallel to the
secant line. ?Q{M ks \qave, the Sama s\oexz :

§ix) = $(6)-F (~] must use (4,2)
b-a = —NW: !
l ‘ B‘Lz %‘(K'u)
Ziz -1
4= L
(D=(x )
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3.3: Increasing and Decreasing Function Intervals and the First Derivative
Test

When you are done with your homework you should be able to...

n Determine intervals on which a function is increasing or decreasing

1 Apply the First Derivative Test to find relative extrema of a function
Warm-up: Find the equation of the line tangent to the function f(x)=tanx at
w3 Y-y, = m (x=%x,) 5 m=F (x)

z
£ = % $(¥u) = Yoa (3] = - |
-(-) =12 (X'%W/\'()

o), (@
3CI(1’“'/L\>)’ (‘ %7 Y\ =2 (x-*"4) ‘

$'(C) = 2 =™

b,

INCREASING AND DECREASING FUNCTION INTERVALS

A function is __\0CC zo\s'mo) if, as x moves to the right, its graph moves

up, and is decreasing if its graph moves ___down . A positive

derivative implies that the function is _\ t\L(@éma and a

W derivative implies that the function is decreasing.
____________________________________________________________________________________________________________________________________|
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DEFINITION OF INCREASING AND DECREASING FUNCTIONS

/A function f is increasing on an interval if for any two nhumbers X, and X, in ‘rhe\

in the interval, x; <X, implies f(xl) < f(xz).

A function f is decreasing on an interval if for any two numbers X, and X, in the

)

in the interval, x; <X, implies f(xl) > f(xz).

THEOREM: TEST FOR INCREASING AND DECREASING FUNCTION
INTERVALS

ﬂeff be a function that is continuous on the closed interval [4.5], and \

differentiable on the open interval (a,0).

1. If f'(x)>0 forall x in (a,b), then f is increasing on (a,b).
2. If f'(x)<0 forall x in (a,b), then f is decreasing on (a,b).
3. If /'(x)=0 forall x in (a,b), then f is constant on (a.b).

" /

0.57 |
v | |
*(c" ")4;'@1)50 LQH\%’)

-0.5+

. ________________________________________________________________________________________________________|
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GUIDELINES FOR FINDING INTERVALS ON WHICH A FUNCTION IS
INCREASING OR DECREASING

%f be continuous on the (@,b). To find the open intervals on which f is \

increasing or decreasing, use the following steps.

1. Locate the __ CX\Yic O\_,\ numbers of / in (a,b), and use these

numbers to determine test intervals.
2. Determine the sign of _ (%) at one test value in each of the
intervals.

3. Use the test for increasing and decreasing functions to determine whether
f is increasing or decreasing on each __infecva \

These guidelines are also valid if the interval (4,0) is replaced by an interval of

Qform (~0,b), (a,%), or (~w,). /
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Example 1: Identify the open intervals on which the function is increasing or
decreasing.

f(x)=27x-x
a. Find the critical numbers of /. 515 diSf. o (- o%)
$'(x) = 21- %x
O = Ll- e
By =Tl
=0

==
Ci=-%,¢,=5%

b. Run the test for increasing and decreasing function intervals.
(-n,-3) | L(-3,3) '(3,09)
- ¥ ‘ F'(x ) =21 ‘5)(

‘ —-—
& +—

s 6 34 0 F=11-ag 4o
$'(u)=11-48 “9

$')=1U1-0 >0

i. Find the open interval(s) on which the function is decreasing.
(-00,-3) O (3,08)

ii. Find the open interval(s) on which the function is increasing.

(-3,%)
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Example 2: Identify the open intervals on which the function is increasing or
decreasing.

f(x):coszx—cosx, O0<x<2rm
a. Find The critical number's of f.
*:f(x) -cbc(cosac) A,cosx
§/(x) = 2(cox)' (- sink ) - (=51K)
5 "(x) = — 7 5\OKCOS% ¥ S 0%
- sy (LS ¥ ‘ )

O

\S’;n)( =) or —'LC,OS)( +\ zO
CoS% = = 5T
')‘4 = Tt" K = T/3 /3

b. Run the test for mcr'easurvg and decr'easmg intervals.

(0,73 (%1!) (w,s (53 1T) .
$'(x) = “LSIAKLOSK + 51K

— . * ; - « r

4 \ : 1 1 1 . —\

¢ - —t— ' ) (“/@ ,Z( )(,74 ,r} )
T g o3 3 58 5

3O -2(B)%)+Z >0
$'(3T) = -2 (-0 (0) ¥ (-1) £ O
sy = 2 (BN 50

i. _Find the open m‘rervalj_) on which the function is decreasing.
Lo T3) O (T, ) J

en interval(s) on which the function is increasing.
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THEOREM: THE FIRST DERIVATIVE TEST

Let ¢ be a critical number of a function f* that is continuous on an open interval
I containing c. If f is differentiable on the interval, except possibly at ¢,

then f(c) can be classified as follows:
1. If /'(x) changes from negative to positive at ¢, then f has a relative
minimum at (¢, /(c)).
2. If f'(x) changes from positive to negative at ¢, then / has a relative
maximum at (¢, /(c)).
3. If f'(x) is positive on both sides of ¢ or negative on both sides of ¢, then

\\ f(¢) is neither a relative minimum or relative maximum. /

. ________________________________________________________________________________________________________|
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Example 3: Consider the function g(x)= xP -4

a. Find the critical numbers of g.

Ac £=0 ,fhae’s aassp,sd §is net, difFarantiob® o =0 [e=0

-/3
9()()3 37(.
o =_2
37&"3

O =2
orradictisn 2 1 CN. oW 20 of darivative
b. Run the test for increasing and decreasing m‘rer'vals

(~0a,8) ' (o, ) ‘(1) = ——
- . * J 3\1"'

& } + — ’ B Z
-4 0 3 g -3) = 5 <O

1Z) PRk
3 ) 2(D >9

i. Find the open interval(s) on which the function is decreasing.

ii. Find the open interval(s) on which the function is increasing.

‘ (0,00) |

c. Apply the First Derivative Test. 3*)= % -4 > g(0) = -4
i. Identify all relative minima.

uuwﬁve Mnimum ofF =4 ; locoted o (<-1,~474'

ii. Identify all relative maxima.

SMONE |
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Example 4: The graph of a function f is given. The scale of each axis is from
-10 to 10. Sketch a graph of the derivative of f .

Il i

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 116



3.4: Concavity and the Second Derivative Test

When you are done with your homework you should be able to...

n Determine intervals on which a function is concave upward or concave
downward

n Find any points of inflection of the graph of a function
n Apply the Second Derivative Test to find relative extrema of a function

Warm-up: Consider the graph of f* shown below. The vertical and horizontal
axes have a scale of -10 to 10. Round to the nearest tenth as need when answering

the questions below. S;} () |
o RN
a. Identify the interval(s) on which f is A
i. increasing A2 A\

A

C-ﬂ}-%)g)@z,‘!)

ii. decreasing

(-00,-a)V (-4 -2)A(8, 0 )

b. Estimate the value(s) of x at which f has a relative
i.  minimum

r=-9-2

ii.  maximum

Z=-4 9
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DEFINITION OF CONCAVITY

Let f be differentiable on an open interval I . The graph of [ is concave upward

on I if f' isincreasing on the interval and concave downward on  if [ is

decreasing on the interval.

THEOREM: TEST FOR CONCAVITY

4 Let / be a function whose second derivative exists on an open interval I . A
1. If /"(x)>0 forall x in I, then f is concave upward on I .
9 2. If /"(x)<0 forall x in I,then f is concave downward on I . y
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Example 1: Identify the open intervals on which the function is concave upward or
concave downward.

= -)Y+5-2 =0
a. y=—x +3x>-2 5(') )2

1. Find the _ZeX03  of the _4¢cond  derivative.
S’Lvo)r “H K E ok
5 ()()" -b*¥b
D = - bxtb
b b
l

Y Z
x?

2. Run the ‘\'ﬂﬁJC ‘S'o( cor\(.o\lthb.
( W \) :(‘ M)
4 ) 5 (m)‘ - X+tG
'7 5'“ (0): (p )o
5'"C$) = ‘(0 L [®)

&

|
0 4 T

3. Conclusion.

3 i% corycovNe u.‘)wo-"o\ o (—00, \) ond concae Aovonward

o (| ®)
Toind, a}m‘ﬂzctvw of (‘) 5("\) = (1,°)
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b. f(x)=x+ .2 , (—7[,7[)

Sin x

1. Find the _Z&05 of ’rhe_secm‘d« derivative.

$(x) = X ¥ LeSex
j‘-'(x) s | = 2cscxcot X
- 2[-csc7bwt‘;(/ CotX ¥ (SCX (—(ScmX)

1
5 C)() = - 3 2 Z
, - ¥ 5C 1) C°5><> (_l__)() -5
TF)C") - Z@SC%EGC f s ZX) SN TGw
= 2¢50n (oL Telc costx r L _
o * g cse K 2O S
Zeser =g or oL ‘
cS no el zeo5  cosZx =-|
ox¥60re3s [57R0n the test Sar canmy\\’a. cosy = t"u
M‘5 o VA o A =0. (maat
(-m,0) ((o,T] )
;= (: N F(x) = Lesex (coth fesC x )
t . AN
w‘l\T "% o % ".-( always +
3_Conclusion :F”('% = 2(%« ('TVZ) (fbs'-ﬂ:)
$is cancave downward s -iv0) = 2(-cse B)(pos-*)
axnol con cave quoouraLm CTF,O)_ . = =2(\) 4O
¥ ("72) = z(csc"(/z)(fos*r)
= 2(pos.®) >0

DEFINITION OF POINT OF INFLECTION

/LeT f be a function that is continuous on an open interval and let c be an element
in the interval. If the graph of f has a tangent line at the point (C,f(C)) , Then
this point is a point of inflection of the graph of f if the concavity of f changes

/

120

Kfr‘om upward to downward or from downward to upward at the point.
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THEOREM: POINTS OF INFLECTION
{ If (c.f(c)) is a point of inflection of the graph of f, then either f"(c)=0 or 1

f" does not exist at x=c. ¢ & Domam of .

Example 2: Consider the function g(x)= 2x* —8x+3.

a. Discuss the concavity of the graph of g.

1. Find the ZQ{Z)6 of the _S?Qonob derivative.

3(x) Qx -9
a3 0= X
o = 24 %
& =X

2. Run the tes€ v (OWLCQ/\’(‘{

(-%,07 | (8,) j"(“) =24
+ . ¥ -1 ) 24¢1) >0
3. Conclusion. SR —

9 4 concave wpwordon (-, 0) o(o/w), g 19 naver

oecave AWM W .

"

e —

b. Find all points of inflection.

NoONE
* {ro@'s no dno.hazinconcmui\-u‘) I *=0.
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THEOREM: SECOND DERIVATIVE TEST

/Leff be a function such that /'(¢)=0 and the second derivative of f exis‘rs}

an open interval containingc.

1. If /" (¢)>0,then f has a relative minimum at (c, /(c)).
2. If /"(c)<0,then / has a relative maximum at (¢, /(c)).
3. If /"(c)=0, the test FAILS and you need to run the FIRST DERIVATIVE

\_  TEST. J

Example 3: Find all relative extrema. Use the Second Derivative Test where

applicable. (D> (\Y’-5 ) ¥10) = %
_ s 5 )= O~ +1 (V)
a..f(X) X 5x;7x ,1,%/” -W““/q)“’"‘q/s
¢ind C.N. Sof 2\ - 44
j‘.'(q(,):zxq,'u)x ¥ _ -3 ‘L1
o - 3 -0 % ¢ -10
o = 3){"_1 L =oA +1 Find §"(x) ond evoluoke of ¢, ¢,
o = x(&=1)-) (3%1) §'06) = BRor T
s = (Bx-D(%V) 5§ (x) = e%-19
=x-\ " =4 <0
o = 5r-1 o O =X {,(),é(l 4
x> :12 oc A = ) Ve 'S oo re_,\or(\le. MY
o o (VM) = 0,3).
0" \ ) c’?_ - 3 -

5“(7/3) £ (%)10 =4 20
2 (f W e\ crine minvmuM
A

7/?) “'“’3)) (7/6) ,,,1)
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- . _ | condfadichion,ss NO evificol #'s
Fw: e 7 °

e

, -2

F=-b\) ,
. Hete cann' ¥ b aN
/rwe,'é No c('{'@a‘ W e 5"5() 3

\ayive axrmo..
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Example 4: Sketch the graph of a function / having the given characteristics.

$)
1(0)=7(2)=0 = (o] ) o K

f'(x)>0 if X<1-){— 15 T s (-8, V)

fr(l) =0 —)m’m or@d{ %=\

f'(x)<0 if x>1=>fis v oenm (V,0)

f”(x) <0 CoOCOVE Aowawand, oM
(~0,%)
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3.5: Limits at Infinity

When you finish your homework you should be able to...
m Determine finite limits at infinity
m Determine the horizontal asymptotes, if any, of the graph of a function
m Determine infinite limits at infinity

Warm-up: Evaluate the following limits analytically

3 &
q lim—— = 5\“

-t ]l —x

limsin3t )
b' t—0 t 3
. 3 m 503
t20
= 3¢ l)

- (2l

LIMITS AT INFINITY
This section discusses the __and behavior of a function on an

inyint2  interval.
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DEFINITION OF LIMITS AT INFINITY

Let L be a real number.

1. The statement )lcl_f)gf (x) =L means that for each & > 0 there exists an

M >0, such that |f(x)—L|<5 whenever x> M.

2. The statement xlirﬂof (x) =L means that for each & > 0 there exists an

N <0, such that |f(x)—L|<5 whenever x < N.

DEFINITION OF A HORIZONTAL ASYMPTOTE

The line y =L is a horizontal asymptote of the graph of f if
lim f(x)=L or limf(x)=L,

X—>—00 X—>0
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THEOREM: LIMITS AT INFINITY

If r is a positive rational number, then
. (6
lim—=0

X—0 xr

Furthermore, if x" is defined when x <0, then

lim <=0

x—>—0 ¥

DEFINITION OF INFINITE LIMITS AT INFINITY

Let f be a function defined on the interval (a,).

1. The statement )lggf(x) =% means that for each M >0 there is a
corresponding number N >0, such that f(x)>M whenever x> N.
2. The statement )lgrm}f (x) =~ means that for each M <0 there is a

corresponding number N >0, such that f(x)<M whenever x> N.

GUIDELINES FOR FINDING LIMITS AT +/- INFINITY

1. If the degree of the numerator is less than the degree of the
denominator, then the limit of the rational function is O .

2. If the degree of the numerator is equal to the degree of the
denominator, then the limit of the rational function is the _{oX\d

the leading _<pne¥Y iy’
3. If the degree of the numerator is greater than the degree of the

denominator, then the limit of the rational function is plus or minus
infinity, hence it does not _2 %(st

of




Example 1: Find the limit. ] .
5xj: Jm B - A Y

| K20 X,

a. Jim, (;‘g Xy -

1]
|

Lois o Worizonyal c»s\omfh\’e.

-
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X—>0 X

Srara's o A aE G L
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f lim
e x" ] pen - Qum _LL
»* N ) ey K
0
= —_—

/rw('e,'é ~ RA af ‘530 .
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A Fiod wxira fomﬂ ) \
. L “3)r —— = =
5'(;)- %-5-2. 4 ° F(-2 ary-r "
Example 2: Sketch the graph of the equation using extrema, intercepts,
symmetry, and asymptotes. Then use a graphing uftility to verify your result.
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3.6: A Summary of Curve Sketching

When you finish your homework you should be able to...
T Curve sketch using methods from Calculus

Example 1: Sketch the graph of the equation by hand. If a particular
characteristic of the graph does not occur, write "none".

f(x)=—

x +1

a. Intercepts (write as ordered pairs)
A-wg: O= V"/N’H) —> o0 =%

yine s FE= gm0
i. x-intercept: _@_

ii.  y-intercept: | (0 0)

b. Vertical Asymptote(s)

Z N ]
)41'1—] 20 9 X =-1| msos\no.no

NonE |

C. Behavior at vertical asymptote(s)
[ NINE J
d. Horuzom‘al | Asymptote(s) |
/.
I8 Ky | x>0 \F /g
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e Run the test for increasing/decreasing intervals

}'(x) S VX)) =R (22)

¥ N
, E)( ‘\") (-0 -} (- ‘) ((\IM)
5 ()= )X SRR
% = -— l‘ ‘l' , -
X +\) & S — - —_ >
O'l—x@ -2t oo b F
@y $yz 2 -3,
. Vos B pos &
O ~I—X . =
. (o) = 1= (&) )
o+ =\ 7o) pase ‘ﬁ >o
x =1ty F'()=3'(2) ¢o
c =21

i. f isincreasing on -\ .7

i.  f is decreasing on)jﬁ' 08,-1) O (4, Oa)‘)

f.

Find the ordered pairs where relative extrema occur.

i. Relative minima: (‘ ') - L)

L
ii. Relative maxima: ( l / 'b)
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" C”
¥ (x%( ‘) \f (0= T
xX°x l t -1)= 7'_—-—-—""3"'"')
$M (22X (x ) = (1-«" )[Z(}’(() (z0) | e
(x)= e f"c.)se%ww
3 )
§' (x) = T2* —zX =4 X 70z 2@
(x*F\ 13 pos#
$"(x)> ?:_’i__b;i-

(x* 1) Ln3) > X

O=1i-bx 0% ‘L"(,"_/“‘l
(§5,0)0 (3, ») '

i. f is concave upward on

-3 or‘x-z o P X=d of xs«J"

]

ii. f is concave downward onll('w/ ‘{;) ) (0/ 3 )

h. Fmd the points of inflection. = (9,0 E ~ o3
s@: e s = B 65 8) ’
4 i2) + Y '
HeGy. -G -3 ‘ (5, %)
. (-.\’) +\ 1
l. Sketch the graph by hand. 1
0.
)
H
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Example 2: Sketch the graph of the equation by hand. If a particular
characteristic of the graph does not occur, write "none”.

2x* —5x+5
X)=
f( ) x—2
a. Intercepts (write as ordered pairs) -
A-n: 0 = 1»(" 5¢+9 Y int: £(o) = 2(0)-5(5) 45 -2
r—:i?z')'(?) (6)-% T

o= %A J_«E > )mwgmofg

Y
i.  x-intercept: _|N ONE‘I

5
ii. y-intercept: (O/A‘Z)

b. Vertical Asymptote(s) |

C. Behavior at vertical asymptote(s)

Skip

d. Horizontal Asymptote(s)

. 5
Aim {_2:)(/.5)(/4'6’_2/% A w

X>o0 A= Ty A -/%
x 00 -51+19
N

- oL
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e. Run the test for increasing/decreasing intervals
g L

1% -5x + 9 =
$(x) > XX b
A
Fos (o)D) =05ar5)0) s B
(%-2)" Y&V
1 z ’”: ——-/-
(%) = Ux VIR ¥1O-2% ¥5%-5 =
(x-2)" ¢z — H-JZ ~078)c‘:“)‘;’@=3,21
\ D)
TeETy oA twi“’ v §
SR RN (DR
o 0";5 \ 7z 3 37'1* ﬁ
- F (.):Fa; L0

%,ﬁﬁ u-l-l-t

} [3) = / 20
i. f isincreasing onm($ =2 w)‘] \005

£ = / >3
(,(0.73,L7 J (7'"’-7’2)41
— — —/

ii. f is decreasing on

f. Find the ordered pairs where relative extrema occur.
$(038) 21110
£(5.22)1.40

. Relative minima: | (2.22,1.40) |

ii. Relative maxima: (Ojal l qoﬂ
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'(0) = X -9Xx5
5 () T

g. Test for concavity.

‘:Fu(*) ('-‘;( 8)()“}"‘ [1" '%"*’S)[Z ( w) (\)1

(-2 )’
£(x) - WY ST
(%-2)°

ey B

(%- )’
O0=h6 Fd

i. f is concave upward on CZ/ &8 )

(o5, 2) (ZN)
— +
5 2 3

$'(0) > = ¢o

n 6
¥ (3): —>20

(‘ o, 7")

ii. f is concave downward on

h. Find the points of inflection.
'NbNE l 5i\nce 5.*)( 7,‘”\9(@ m\//’&

. Sketch the graph by hand.
oblique asymptote 3
t 31*— \+ <=

(X-1))Zx* -5%x + 5
- (LX7-44) ¥

- X +5

- (- % +2)

>

n:lx—-\ 4
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Example 3: Sketch the graph of the equation by hand. If a particular
characteristic of the graph does not occur, write "none".

£(x)=3(x-1)"

a. Intercepts (write as ordered pairs)
i. Xx-intercept:
ii. y-intercept:

b. Vertical Asymptote(s)

C. Behavior at vertical asymptote(s)

d. Horizontal Asymptote(s)
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e. Run the test for increasing/decreasing intervals

i. f isincreasing on

ii. f is decreasing on

f. Find the ordered pairs where relative extrema occur.

i. Relative minima:

ii. Relative maxima:

. ________________________________________________________________________________________________________|
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g. Test for concavity.

i. f is concave upward on

ii. f is concave downward on

h. Find the points of inflection.

. Sketch the graph by hand.

. ________________________________________________________________________________________________________|
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Example 4: Sketch the graph of the equation by hand. If a particular
characteristic of the graph does not occur, write "none".

f(x) =—x+2cosx, [O, 27z]

a. Intercepts (write as ordered pairs)
i. Xx-intercept:
ii. y-intercept:

b. Vertical Asymptote(s)

C. Behavior at vertical asymptote(s)

d. Horizontal Asymptote(s)
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e. Run the test for increasing/decreasing intervals

i. f isincreasing on

ii. f is decreasing on

f. Find the ordered pairs where relative extrema occur.

i. Relative minima:

ii. Relative maxima:

. ________________________________________________________________________________________________________|
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g. Test for concavity.

i. f is concave upward on

ii. f is concave downward on

h. Find the points of inflection.

. Sketch the graph by hand.

. ________________________________________________________________________________________________________|
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3.7: Optimization Examples
When you finish your homework you should be able to...

n  Solve applied minimum and maximum problems

Guidelines for Solving Applied Minimum and Maximum Problems

1.  Analyze: Identify all given quantities and all quantities to be
determined. MAKE A SKETCH!!I

2.  Write a primary equation for the quantity that is to be
maximized or minimized.

3. Reduce the primary equation to one having a single independent
variable. You may need to use secondary equations relating the
independent variables of the primary equation.

4. Determine the feasible domain of the primary equation.

5. Optimize (Find zeros of the critical numbers)

6. Verify (Use first or second derivative test)

7. Find all maximum or minimum values by back substitution.

8.  State your conclusion in words (Does your conclusion make sense).

. ________________________________________________________________________________________________________|
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1. Find two positive numbers that satisfy the following requirements:
The sum of the first number squared and the second is 27 and the

product is a maximum.

Analyze:

Primary Equation: Feasible Domain:

Reduce to 1 variable:

. ________________________________________________________________________________________________________|
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Optimize and Verify:

Conclusion:

. ________________________________________________________________________________________________________|
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2. A woman has two dogs that do not get along. She has a theory that if they
are housed in kennels right next to each other, they'll get used to each
other. She has 200 feet of fencing with which to enclose two adjacent
rectangular kennels. What dimensions should be used so that the enclosed
area will be a maximum?

Analyze:

Primary Equation: Feasible Domain:

Reduce to 1 variable:

. ________________________________________________________________________________________________________|
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Optimize and Verify:

Conclusion:

. ________________________________________________________________________________________________________|
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3. A rectangle is bounded by the x-axis and the semi-circle y=v25-x* . What
length and width should the rectangle have so that its area is a maximum?

Analyze: , Primary Equation:
NI .
Ll i i it Reduce to 1 variable:
A WA S

e Peasible Domain:
<R o M
e

. L L -_-_: _-_-‘L-_-i-_v-_-‘:_-_-: ____________ I L -_-_

Optimize and Verify:

Conclusion:

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 150



4. The US Post Office will accept rectangular boxes only if the sum of the
length and girth (twice the width plus twice the height) is at most 72 inches.
What are the dimensions of the box of maximum volume the Post Office will
accept? (You may assume that the width and height are equal.)

Analyze:

Primary Equation: Feasible Domain:

Reduce to 1 variable:
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Optimize and Verify:

Conclusion:

. ________________________________________________________________________________________________________|
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3.9: Differentials
When you finish your homework you should be able to...

n Understand the concept of a tangent line approximation

1 Compare the value of the differential, dy, with the actual change iny, Ay.
n Estimate a propagated error using a differential.

n Find the differential of a function using differentiation formulas.

Let f be a function that is at c. The equation for the
tangent line at point (c, f(c)) is:

or

We call this the tangent line approximation (or linear approximation) of f at c.

Example 1. Find a tangent line approximation T(x) to the graph f(x) = x2, at (2,4).

Use a graphing calculator to complete the chart below:

X 1.9 1.99 2 2.01 2.1

So at values o , provides a good

of

. ________________________________________________________________________________________________________|
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<

: When the tangent line to the graph of f at the point (c,f(c))

y=f@+f(x-0)

(¢ + Ax, f(c + Ax)) . . . .
- is used to approximate the graph of f, (x - c) is called the change in

<
(c.f(c)) ;l,/"(«-m.\- x, and is denoted by Ax. When Ax is small, the change iny (or Ay) can
1 j fle+ A be approximated by:
| : |}f(()
L Ay = f(c+Ax) = f(c)
Ax We denote Ax, as dx and call dx the differential of x. The

When Ax is small,
Ay = flc + Ax) — f(c) is
approximated by f"(¢)Ax.

expression f'(x)dx is denoted dy and is called the differential of vy.

Definition of Differentials

Let y = f(x) represent a function that is differentiable on an open interval
containing x. The differential of x (denoted by dx) is any nonzero real number.
The differential of y (denoted by dy) is

dy = f'(x) dx.

Example 2. Let f(x) = 6 - 2x?

Compare Ay and dy at x = -2 and

Ax = dx = 0.1. I

i
1
q--
1
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1
1=
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1
1
1
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1
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]
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1
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1
1
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Error Propagation

Measurement Propagated
error error
AN AN
flx + Ax) — f(x) = Ay
— v’
Exact Measured
value value

Calculating Differentials:

Differential Formulas

Let u and v be differentiable functions of x.

Constant multiple: d|cu] = ¢ du

Sum or difference: dlu + v| = du + dv
Product: dluv] = udv + vdu
Quotient: d HJ = vdu—udy

2

Example 3: Find the differentials

Derivative Differential
1. y=x2
2.y =+x
3. y=—2cosx
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Example 4. The measurements of the base and altitude of a triangle are found to
be 36 and 50 centimeters, respectively. The possible error in each measurement
is 0.25 centimeter. Use differentials to approximate the possible propagated
error in computing the area of the triangle.
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Example 5. A surveyor standing 50 feet from the base of a large tree measures
the angle of elevation to the top of the tree as 71.5°. How accurately must the
angle be measured if the percent error in estimating the height of the tree is to

be less than 6%?

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 157



Differentials can be used to approximate function values. To do this, we use the
formula:

fx+Ax) = f(x) +dy = f(x) + f(x)dx

Example 6: Use differentials o approximate the following:

a. V28

b. sin(0.1)

. ________________________________________________________________________________________________________|
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4.1: Antiderivatives

When you finish your homework you should be able to...
m Write the general solution of a differential equation
m Use indefinite integral notation for antiderivatives
m Use basic integration rules to find antiderivatives
n Find a particular solution of a differential equation

Warm-up: For each derivative, describe an original function F'.

a. F'(x)=2x d. F'(x)=sec’x

b. F'(x)=x e. F'(x)=sinx
, 1 F'(x)=6

c F(x):? f. (x)

DEFINITION OF ANTIDERIVATIVE

A function F is an antiderivative of f on an interval I if F'(x) = f(x) for all
X in I,

Why is F called an antiderivative of f, rather than the antiderivative of f?

. ________________________________________________________________________________________________________|
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THEOREM: REPRESENTATION OF ANTIDERIVATIVES

If F is anantiderivative of f onan interval 7,then G is an antiderivative of f
on the interval 1 if and only if G is of the form G(x)=F(x)+C, forall x in I
where C is a constant.

NOTATION:

Example 1: Verify the statement by showing that the derivative of the right side
equals the integrand of the left side.

j(8x3 +L2jdx =2x* —L+C
2x 2x

Example 2: Find the general solution of the differential equation.

dy 3 dr
b ) £
a. dx * b. do d
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BASIC INTEGRATION RULES

Differentiation Formula Integration Formula
q C]= Odx =

dx - :

ikx] = kdx =

dx” -

L[ r(x)2g(x)]- T/ (x) % g(x) =

il J

i (x)]- 4f (<) =

dr xn] _ x"dx =

dx " v

4 [sinx] = cos xdx =

dx " v

i -c()s x- = Sin de =

dx " - v

4 anx] = sec” xdx =

dx ] .

4 leoox]= sec x tan xdx =
dx " : v

d ; [ 2

— [cotx]= csC” xdx =

dx " - v

d oo = csc x cot xdx =
dx " - v

. ________________________________________________________________________________________________________|
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Example 3: Find the indefinite integral and check the result by differentiation.

a. j(16 —x )dx

b. j—d%?_zx x

. ________________________________________________________________________________________________________|
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C. I(3x - 4)3dx

d. I(l—u)\/;du

. ________________________________________________________________________________________________________|
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e. Isect(tant—sect)dt

f. j (46 —csc” 0)do

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 164



INITIAL CONDITIONS AND PARTICULAR SOLUTIONS
You have already seen that the equation y = I f(x)dx has

solutions, each differing from each other by a

This means that the graphs of any two of f are

translations of each other.

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 165



In many applications of integration, you are given enough information to determine

a solution. To do this, you need only know the

value of y=F(x) for one value of x. This information is called an

condition.

How do the following differ?
2 2

X~ versus V=X

How about:

= x2 Q = x2
Y versus dx

Example 4: Solve the differential equation.

a g'(x)=6x2, g(O):—l
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b. f"(x)=sinx, f'(0)=1, f(0)=6

. ________________________________________________________________________________________________________|
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4.2: Area

When you finish your homework you should be able to...
m Use Sigma Notation to Write and evaluate a Sum
m Understand the Concept of Area
T Approximate the Area of a Plane Region
m Find the Area of a Plane Region Using Limits

Warm-up: Evaluate the following limits.

25x* —5x+3 (2x3 +6x° )
—+10

lim lim
a. X—>© x2 b X—>0 3

3x

SIGMA NOTATION

The sum of n terms a,,...,a, is writtenas D> a, =a,+a,+a,+--+a, where I is the
i=1

index of summation, 4; is the ith term of the sum, and the upper and lower
bounds of summation are » and 1.

Example 1: Find the sum.
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Summation Properties

1 Zn:kai=kzn:ai 2. D(atb)=>a+t>h
i=1 i=l1 ; : -

Example 2: Find the sum.

Theorem: Summation Formulas (These formulas will be provided for the exam)

1. ic:cn 2. Zl_ (”H‘l)
i=1
n+1)(2n+1) L n+1)
3, Zz 6 4. ;t

Example 3: Evaluate the following sums.

n

1 2(31'—1'2) (6i+4i°)

2. A
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Area

In Euclidean geometry, the simplest type of plane region is a :
The definition for the area of a rectangle is .From this definition, you
can develop formulas for the areas of many other plane regions such as triangles.
To determine the area of a triangle, you can form a whose
area is that of the . Once you know how to
find the area of a triangle, you can determine the area of any
by subdividing the polygon into regions.

Parallelogram Hexagon Polygon
Figure 5.6

Finding the areas of regions other than polygons is more difficult. The ancient
Greeks were able to determine formulas for the areas of some general regions by

the method. Essentially, the method is a

process in which the area is between two polygons—one
in the region and one about

the region.

ARCHIMEDES (287-212 s.c.)

Archimedes used the method of
exhaustion to derive formulas for

the areas of ellipses, parabolic
segments, and sectors of a spiral. \

He is considered to have been
the greatest applied mathematician
of antiquity.

The exhaustion method for finding the area of a circular region
Figure 5.7

more
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sin) = (Area of region) = S(n)

Area of inscribed rectangles Area of region
is less than area of region.

Area of circumscribed
rectangles is greater than
area of region.

Figure 5.11

Theorem: Limits of the Lower and Upper Sums

Let / be continuous and nonnegative on the interval [a,b], The limits

as 1 —> © of both the lower and upper sums exist and are equal to
each other. That is,

n

lims(n)=1m ) f(m,)Ax

n—> n—o “ I
=S

b—a
where Ax=7 and f(ml-) and f(M,) are the minimum and

maximum values of f on the subinterval.
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Example 4:

a. Find the upper sum from b. Find the lower sum from
x=2tox=6. x=2tox=6.
f(x) = 5-(x4)? L f(x) = 5-(x4)2
A: (2.00, 1.00) A: (2.00, 1.00)
5+ . 4 .
B: (2.50, 2.75) TN . 5 B: (2.50, 2.75) ZToN .
G: (3.00, 4.00) b 1 G: (3.00, 4.00) b
D: (3.50, 4.75) / \ D: (3.50, 4.75) / \
oL E: (4.00, 5.00) WL E: (4.00, 5.00)
F: (4.49,4.75) c F: (4.49, 4.75) c
G: (5.00, 4.00) + G: (5.00, 4.00)
H: (5.50, 2.75) H: (5.50, 2.75)
5T I (6.00, 0.99) T I: (6.00, 0.99)
B H i B H
2+ 24
1+ 14
A I A
4 l E A é \: t ¢ I ; 1 4 \
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Definition of an Area in the Plane

Let / be continuous and nonnegative on the interval [a.5]. The area of the region

bounded by the graph of /', the x-axis, and the vertical lines x=a and x=b is

n

Area™ hme(Ci)AX, X <S¢ <X, where Ax = b—a

%
| n

’

right endpoint: ¢, =a+iAx, left endpoint: ¢, =a+(i—1)Ax

Example 5: Find the area of the region bounded by the graph f(x)=x’, the x-axis,

and the vertical lines x=0 and x=1.
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4.3: Riemann Sums and Definite Integrals
When you finish your homework you should be able to...

n Understand the definition of a Riemann sum.
n Evaluate a definite integral using limits.
n Evaluate a definite integral using properties of definite integrals.

2 n(n+1)

Zn:c:nc Ziz—
P ~ 2

n(n+1)(2n+1) L nz(n+1)

n.z_ 3
;11_ 6 2.1 4

—

Evaluate limz_llf(cl.)Axl. over the region bounded by the graphs of

.3
f(x) = %/;, y=0,x=0, x=1. Hint: Let ¢ 2%3 and recall that the

P (i-1)
width of each interval is Ax; R
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Definition of Riemann Sum

Let f be defined on the closed interval [a, b], and let A be a partition of [a, b]
given by

a=XxXy<X, <X< ...<X,_,<x,=b
where Ay, is the width of the ith subinterval

[x,-_ Is x,-]. ith subinterval

If ¢, is any point in the ith subinterval, then the sum

n
2/(¢ X, X_, ¢ <X

is called a Riemann sum of f for the partition A. (The sums in Section 4.2 are
examples of Riemann sums, but there are more general Riemann sums than
those covered there.)

is called the of

, the width of

the largest subinterval. As ,

Definition of Definite Integral

partitions A

lim i fle;) Ax;
=

[lAll—0

exists (as described above), then fis said to be integrable on [a, b] and the
limit is denoted by

b
IIAII o 2 fle)Ax; = J; f(x) dx.

i=]

lower limit of integration, and the number b is the upper limit of integration.

If fis defined on the closed interval [a, b] and the limit of Riemann sums over

The limit is called the definite integral of f/ from a to b. The number a is the
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2.  Evaluate the definite integral by the limit definition.
6

[ (20 +1)ax

1
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Theorem 4.4 Continuity Implies Integrability

If a function f is on the closed interval , then

fis on [a,b]. That is exists.

THEOREM 4.5 The Definite Integral as the Area of a Region

If fis continuous and nonnegative on the closed interval [a, b], then the area
of the region bounded by the graph of f, the x-axis, and the vertical lines
x=aandx = bis

b
Area = f f(x) dx.

(See Figure 4.22.)

3. Write the limit as a definite integral on the interval [a,b] where ¢; is any
point on The ith interval.

lim (8c +15)Ax,, [2,6]

- a0 s

lim SC c +2Ax,, [0,12]

|A||—>0
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4.  Sketch the region whose area is given by the definite integral. Then use a
geometric formula fo evaluate the integral.

o i3xdx s
0

4
b, "-\/16—x2dx
—4
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Definitions of Two Special Definite Integrals

1. If fis defined at x = a, then f f(x)dx = 0.

!

2. If fis integrable on [a, b], then f fx)dx = — f f(x) dx.
b

a

3 6
5. Given If(x)dx:4 and If(x)dxz—l, evaluate
0 3

f(x)dx

a.

O ey N
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4.4: The Fundamental Theorem of Calculus
When you finish your homework you should be able to...

Evaluate a definite integral using the Fundamental Theorem of Calculus.
Understand and use the Mean Value Theorem for Integrals.

Find the average value of a function over a closed interval.

Understand and use the Second Fundamental Theorem of Calculus.
Understand and use the Net Change Theorem.

a4 a a a 3

Theorem: The Fundamental Theorem of Calculus

If a function s is continuous on the closed interval [a,5] and F is an

antiderivative of s on the interval [4,5] , then

b

jf(x)dsz(b)—F(a)

a
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Guidelines for Using the Fundamental Theorem of Calculus

1. Provided you can find an antiderivative of / , you now have a way
to evaluate a definite integral without having to use the limit of a
sum.

2. When applying the Fundamental Theorem of Calculus, the
following notation is convenient:

if(x)dx:F(x)

:F(b)—F(a)

x=b

X=a

3. It is not necessary to include a constant of integration C in the
antiderivative because

jf dx =] F ( )+c
=|F(b)+C|-[F(a)+C]
=F(b)-F(a)

=b

=a

Helpful hints:

Rational Functions must be written as the sum/difference of functions (neg.
exponents are ok)

IstE X +2

a x

dx = I (5x 7 =14 2x7)dx
Products of functions (not a constant times a function) must be multiplied out.

[ +3)@x-Ddx =
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Trig functions:
Use identities - try to change everything to sines and cosines

Pythagorean Conjugates - generate a difference of squares situation so that
you can change the denominator from 2 terms to 1.

b 1
.
al+sinx
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Example 1. Evaluate the definite integral.

6
. ] 6
)

50+
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4
d I(ZV + 5)3dv
1
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Example 2: Evaluate the definite integral.

J‘/1 cosx -
f(x)=
F(x)z
a=_____ b=
F(b)= =
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Example 3. Find the area of the region bounded by the graphs of the equations.

y=1+3/;, x=0, x=8, y=0.

(%)=

F(x)=

a=___ b=___

Flb)=____ = ’
F(a)= -
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THE MEAN VALUE THEOREM FOR INTEGRALS

If / is continuous on the closed interval [aab] , then there exists a
nhumber C in the closed interval [a,b] such that

b

If(x)dxz f(c)(b—a)

a

'

Definition of the Average Value of a Function on an Interval

If / isintegrable on the closed interval [4,b], then the average value

of / on the interval is

1 b
P If(x)dx
If you isolate in the
for , the other side of the is the

of the function.
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Example 3. Find the value(s) of ¢ guaranteed by the Mean Value Theorem for

. T
Integrals for the function f(x) = COS X, _Eag
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4(x* +1)
Example 4. Find the average value of the function f(x) - PR [1’3] and

all the values of x in the interval for which the function equals its average value.

. ________________________________________________________________________________________________________|
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The second fundamental theorem of calculus:

The Definite Integral as a Number  The Definite Integral as a Function of x

Constant F is a function of x.
' 4
b i
f f(x) dx Fix) = | f(t)dt

T fis a T fisa

Constant function of x. Constant function of 1.

THEOREM 4.11 The Second Fundamental Theorem of Calculus

If fis continuous on an open interval 7 containing a, then, for every x in the
interval,

| f 0] = 100

Consider

F(x)=] (1-t)dt
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d ¢x
], £ (e =1 ()

Example 5.

d X 9
a Find ], (7 + 7t

d ¢x
ind = [
b. Flnd dx 30 1+t6
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d ¢*
c. Find EL In zdt

. ________________________________________________________________________________________________________|
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d ccosx
d. Find —[, V1-rdr

The Net Change Theorem:

The definite integral of the rate of change of quantity F’(x) gives the total
change, or net change, in that quantity on the interval [a, b].

b
f F'(x) dx = F(b) — Fl(a) Net change of F

Example 6: At 1:00PM, oil begins leaking from a tank at a rate of (4+0.75¢)

gallons per hour.

a. How much oil is lost from 1:00PM-4:00PM?
b. How much oil is lost from 4:00PM-7:00PM?

c. What did you notice?
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Example 7. Consider the integral I 0” 08 xdx

What if we wanted to find the total area?

. ________________________________________________________________________________________________________|
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4.5: Integration by Substitution
When you finish your homework you should be able to...

1 Use pattern recognition to find an indefinite integral.
1 Use a change of variables to find an indefinite integral.

n Use the General Power Rule for Integration to find an indefinite integral.
n Use a change of variables to evaluate a definite integral.

n Evaluate a definite integral involving an even or odd function.

Warm-up: Find the indefinite integral or evaluate the definite integral.

a .[ sec x tan xdx

b, j(sinz X +cos’ x) dx
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When trying to integrate functions, we can use a method

called " of ", or, as we gain

ore experience, we can use recognition to
integrate the composite function without as much extra work. Just like with the

Chain Rule in differentiation, the more you , the
easier it is to " " the derivative without taking the time to
write out all the steps.

Antidifferentiation of a Composite Function

Let g be a function whose range is an interval I, and let f be a function that is
continuous on I. If gis differentiable on its domain and F is an antiderivative of f
on I, then

[ f(g(xDg (x)dx = F(g(x)+C
By substitution, if we let u =g(x) then du=g'(x) and

j f)du=Fu)+C

In order to use u-substitution, you must recognize that you are trying to
integrate a composite function. It is important for you to be able Yo decompose
the composite function.
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jf(g(x))g'(x)dsz(x)+C J‘f(u)duzF(u)-er
Example 1. Find the indefinite integral.

j (x> —3)*(2x)dx
a.

3 f3x2 x° +1dx
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jf(g(x))g'(x)dsz(x)+C If(u)duzF(u)+C

Many integrands contain the essential part of g'(x) but are missing a constant
multiple. How will we deal with that when it happens?

Example 2. Find the indefinite integral.

j % sin(x*)dx
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Change of Variables

We can be more formal and rewrite the integral in terms of another variable
(usually we use the variable u and therefore we refer to this as u-substitution).

Guidelines for Making a Change of Variables

1. Choose a substitution u . Usually, it is best to choose the inner part of a
composite function, such as a quantity raised o a power.

d du
2. Compute a(”) = —>dx =

3. Rewrite the integral in ferms of the variable u .

4. Find the resulting integral in terms of u .

5. Back substitute u by the original expression to obtain an antiderivative in
terms of X (or whatever your original variable was).

6. Check your answers by differentiating.
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jf(g(x))g'(x)dx=F[g(x)]+C If(u)duzF(u)-kC
Example 3. Evaluate the following:

a. _[ Ji+1dt

b, [e+1dt
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J.f(g(x))g'(x)dx=F[g(x)]+C If(u)duzF(u)-kC

d. I sin” 2x cos 2xdx

e. I sin” 2xdx
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Shifting Rule for Integration: There

are
To evaluate f(x+a)dx first evalua’reff (u)du , then substitute X +a

forl :

f(x+a)dx=F(x+a)+C, WhereF(u)=J'f(u)du.

substitutions that are so useful, that they are worth noting explicitly. We have
already used them in the previous examples:

Scaling Rule for Integration:

To evaluate f(bx)dx evalua‘re_ff (u)du , divide by b and substitute for
bx forl :

f(bx)dx = %F(bx) + C, where F(u) = J-f(u)du.
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Theorem: General Power Rule for Integration:

If gis a differentiable function of x, then
n+l
[lgeor gendr = ey,
n+l

Equivalently, if u=g(x) then

n+l

I(u)”du -4

+C, n#-1.
n+1

Theorem: Change of Variable for Definite Integrals

If the function u = g(x) has a continuous derivative on the closed interval [a,b]
and f is continuous on the range of g,then

x=b u=g(b)
[ fieengdx="[ fwdu

u=g(a)

Example 5: Evaluate the definite integrals:

a. !(x2+5)
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s
b. sz tan”® x’dx
0

Theorem: Integration of Even and Odd Functions

Let f be integrable on the closed interval [a,-a].

1. If fis an even function, then Jf(x)dx - ZIf(x)dx
b 2

2. If fis an odd function, then _[f(x)dx =0

. ________________________________________________________________________________________________________|
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Example 5: Evaluate the definite integral.

7

I sin x cos xdx

a. 72

b. I(x4 —3x2)dx
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5.1: The Natural Logarithmic Function: Differentiation

When you are done with your homework you should be able to...
n Develop and use properties of the natural logarithmic function
n Understand the definition of the number e
n Find derivatives involving the natural logarithmic function

Warm-up:
3
1. Use the limit definition of the derivative to find the derivative of f(x) = <

with respect to x.

2. 6raph y=Inx
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DEFINITION OF THE LOGARITHMIC FUNCTION BASE e

If a is a positive real number (a #1) and xis any positive real nhumber, then
the logarithmic function to the base e is defined as

log, x=

The number e:

. 1/v
The number e can be defined as a ; specifically, lvlfol(lﬂ’) :

The natural logarithmic function and the natural exponential function are
of each other.

PROPERTIES OF INVERSE FUNCTIONS

1. y=e" iff 3. Ine" = , for all x

2. e = , forx>0

PROPERTIES OF NATURAL LOGS

1L Inl=__ > =
> Ine= 4.
3. Inxy= 5. Inx" =
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The inverse relationship between the natural logarithmic function and the natural
exponential function can summarized as follows:

Example 1: Condense the following logarithmic expressions.

a. ln(x>k8)—{}n(x—-2)—51n(x)]

b_%mx+8mz—my

. ________________________________________________________________________________________________________|
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Example 2: Expand the following logarithmic expressions.

(1— coS x)s
b. cos2x
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Example 3: Solve the following equations. Give the exact result and then round to
3 decimal places.

qa. ln(x—2)+ln(x+2)=l6

b, —=30e"

N | —
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DERIVATIVE OF THE NATURAL LOGARITHMIC FUNCTION

. ________________________________________________________________________________________________________|
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THEOREM: DERIVATIVES OF THE NATURAL LOGARITHMIC FUNCTION

Let U be a differentiable function of X such that 4 #0, then

e L3 S 2. <finu] -

Example 4: Find the derivative with respect to X .

a. y=In5x

b. f(x) = ln(l—Zx)

c. f(x)=Inx"
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e. y=Incos’ x
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£ Inxy+x>—y=10

THEOREM: DERIVATIVE INVOLVING ABSOLUTE VALUE

Let U be a differentiable function of X such that u # 0, then

< [infu])-

Proof:
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Example 5: Find the derivative of the function with respect fo x.

f(x)=1In|secx+tanx

Example 6: Differentiate the following functions with respect to x.

a f(x)=x* (x+1)(x+2)
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2/3
x’ -4

x’+4

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 218



Example 7: Find an equation of the tangent line of the function

f(x)=sin2xInx* at the point (1,0).
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5.2: The Natural Logarithmic Function: Integration

When you are done with your homework you should be able to...
n Use the Log Rule for Integration to integrate a rational function
n Integrate trigonometric functions

Warm-up:
1. Differentiate the following functions with respect to x.

a. y=xIn5x

b. In(xy)=In(x+y).
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THEOREM: LOG RULE FOR INTEGRATION

Let u be a differentiable function of x.

1
1. J;dx=1n|x|+C 2. J‘%dlen|u|+c

Example 1: Find or evaluate the integral.

a. j%dx
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5-x°

. ________________________________________________________________________________________________________|
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¢ xlnx

e(1+In x)2 dx
e. |,

X
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f. J.x2/3(1+x1/3)dx

J~x3—6x—20
9 x+5

dx
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h. j tan 0d 6

i j cot 0do

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 225



j- Isec 0do

k. Icsc 0do
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INTEGRALS OF THE SIX BASIC TRIGONOMETRIC FUNCTIONS

[ sinudu = I cosudu =
[ tan udu = I cotudu =
.sec udu = j cscudu =

Example 2: Solve the differential equation.

, x+1
a. ” x—1
b. ' =6@tan §°
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90,000
Example 3: The demand equation for a product is P = 400+ 3x Find the

average price on the interval 40<x<50 ,
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5.3: Inverse Functions

When you are done with your homework you should be able to...
n Verify that one function is the inverse of another function
n Determine whether a function has an inverse function
n Find the derivative of an inverse function

Warm-Up:
1. Use the Horizontal Line Test to show that f(x)=x’+3 is one-to-one.

v

e

(R

Berendens
H

0 A 0 A o
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2. Let g(x)==%* and h(x):%2 find g(h(x))

X X

Recall from Precalculus:

Definition of Inverse Function
A function g is the inverse function of the function f when

[f(g(x)) = x for each x in the domain of g
and
g(f(x)) = x for each x in the domain of f.
The function g is denoted by f~' (read “f inverse”).
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Important Observations about inverse functions:

1. If g is the function of f,then is the inverse
function of :

2. The of /' is equal to the of ,and the of
f'is equal to the of

3. If afunction has an inverse, the inverse is

4. ff)=____ and f(f(x)=

5. A function has an inverse if and only if it is - -

THEOREM 5.7 The Existence of an Inverse Function
1. A function has an inverse function if and only if it is one-to-one.

2. If fis strictly monotonic on its entire domain, then it is one-to-one and
therefore has an inverse function.

Proof:
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Example 1: Graph each function and verify that the following functions are inverses of each other.

f(x)=16—x*, x<0 g(x)=—+16—x A."

A
: ¥
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GUIDELINES FOR FINDING AN INVERSE FUNCTION

1. Use Theorem 5.7 to determine whether the function y = f(x) has an inverse
function.

2. Solve for x as a function of y: x = g(v) = f~'(v).

3. Interchange x and y. The resulting equation is y = f~'(x).

4. Define the domain of f~! as the range of f.

5. Verify that f{f ~'(x)) = x and f~'(f(x)) = x.

Example 2: Find 1 of f(x)= 31x+2 .
—X
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Example 3: Prove that f(x)=x’+2x-3 has an inverse function (you do not need to find it).

Derivative of an Inverse Function:

THEOREM 5.8 Continuity and Differentiability of Inverse Functions

Let f be a function whose domain is an interval /. If f has an inverse function,
then the following statements are true.

. If fis continuous on its domain, then f~" is continuous on its domain.
. If fis increasing on its domain, then f~! is increasing on its domain.

P N -

. If f is decreasing on its domain, then /™" is decreasing on its domain.

. If fis differentiable on an interval containing ¢ and f"(c) # 0, then f~!
is differentiable at f(c).

A proof of this theorem is given in Appendix A.

See LarsonCalculus.com for Bruce Edwards’s video of this proof.

S

Proof:
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THEOREM 5.9 The Derivative of an Inverse Function

Let f be a function that is differentiable on an interval /. If f has an inverse
function g, then g is differentiable at any x for which f"(g(x)) # 0. Moreover,

/2 — l 7
gU)_FGGﬁ fglx)) # 0.

A proof of this theorem is given in Appendix A.
See LarsonCalculus.com for Bruce Edwards's video of this proof.

Proof:
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Example 4. Let f(x)=x"+2x-3

a. What is the value of 7'(x) when x = 0?

b. What is the value of f'(x) when x = 0?

c. What is the value of (/') (x)when x = 0?

d. What do you notice about the slopes of fand '

Graphs of inverse functions have slopes.
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5.4: Exponential Functions: Differentiation and Integration

When you are done with your homework you should be able to...
n Develop properties of the natural exponential function
n Differentiate natural exponential functions
1 Integrate natural exponential functions

Warm-up:
1. Differentiate the following functions with respect to x.

a y=x

b. f(x) — hl ecost .
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DEFINITION: THE NATURAL EXPONENTIAL FUNCTION
The inverse function of the natural logarithmic function f(x)=Inxis called

the natural exponential function and is denoted by

That is,

The inverse relationship between the natural logarithmic function and the natural
exponential function can summarized as follows:

Example 1: Solve the following equations. Give the exact result and then round to
3 decimal places.

In6
a. enx=20
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5000
1+ e*

C. In8x =3
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d e —2e"—8=0

Example 2: Sketch the graph of f(x)=2¢"" without using your graphing

calculator. 3
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CREATED BY SHANNON MYERS (FORMERLY GRACEY) 241



DERIVATIVE OF THE NATURAL EXPONENTIAL FUNCTION

THEOREM: DERIVATIVES OF THE NATURAL EXPONENTIAL FUNCTION

Let U be a differentiable function of X .

dr .1 . dr,
1, E[e ]:e 2. E[e ]:

Example 3: Find the derivative with respect to X .
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e. €V +x' -y =10
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Example 4: Find an equation of the tangent line of the function 1+Inxy =e™”

at the point (L.1).
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Example 5: Find the extrema and points of inflection of the function

g(x)= e

2z

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 247



THEOREM: INTEGRATION RULES FOR NATURAL EXPONENTIAL FUNCTIONS

Let U be a differentiable function of X .

1. Iexdx: 2 J-e"du =

Example 6: Find the indefinite integrals and evaluate the definite integrals.

12
a. Je “dx

b. j xte™ dx
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2 2
e..[emlxsec 2xdx

1 e
05—¢"
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Example 7: Solve the differential equation.

% = (ex —e_x)z dx

Example 8: The median waiting time (in minutes) for people waiting for service ina

o -0.3
convenience store is given by the solution of the equation IO 0.3¢™"dr = 5 Solve

the equation.
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5.5: Bases other than e and Applications

When you are done with your homework you should be able to...
n Define exponential functions that have bases other than e
n Differentiate and integrate exponential functions that have bases other

than e
1 Use exponential functions to model compound interest and exponential
growth
Warm-up:
1. Evaluate the expression without using a calculator.
a. log,, 144 log L c. log,;25
b. log, 16

2. Sketch the graph of f(x) =2" without using your graphing calculator.

1111 1111 [
111 TTT"

|
B dat It B B B B B R B B B S B B e B B B B B 2
" | I 4

)
.1—i-J (B " yoe

b
i
-
4
-0t
-

L A 4 . - - ——
- |

) EZEERE
DEFINITION: EXPONENTIAL FUNCTION TO BASE a
If a is a positive real number (a #1) and X is any real number, then the

exponential function to the base a is denoted by a”and is defined by

x (Ina)x

a =e

If a=1, then y=1"=1 is a constant function.
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DEFINITION OF LOGARITHMIC FUNCTION TO BASE «a

If a is a positive real number (a #1) and xis any positive real nhumber, then

the logarithmic function to the base a is denoted by 10g, Xand is defined

1
log x=——1Inx
as O Ina '

PROPERTIES OF LOGS

1. log, 1= 3. log, xy =
2. log,a= 4 log x"=

PROPERTIES OF INVERSE FUNCTIONS

log, a

1. y=a iff 2 a’= , forx>0

3, log a = , for all x

THEOREM: DERIVATIVES FOR BASES OTHER THAN e

Let a be a positive real number (a #1) and let u be a differentiable
function of x .

1 %[ax} 3. %[loga x]=
d d
2. -d']= 4. —-[log, u]=
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Example 1: Differentiate the following functions with respect to x.

a. y=2"

b. f(x) = x(38_’“2 )
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d. g(7)=log, (t2 +7)3
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ANTIDERIVATIVES OF EXPONENTIAL FUNCTIONS, BASE «

1. _[axdx:J.e(ln“)xdx 5 Iaxdxzia" L C
a

Example 2: Find the indefinite integrals and evaluate the definite integrals.

a. I3xdx

b. J. 8 dx
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C. IS_X dx

o [ 6=
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Example 3: Find the area of the region bounded by the graph of ¥ =3“""sinx,
y=0,x=0,and x=71.
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Example 4: After tyears, the value of a car purchased for $25,000 is
3

(1) - 25,000&)[.

a. Use your graphing calculator to graph the function and determine the value
of the car 2 years after it was purchased.
b. Find the rates of change of V with respect to twhen t=1and 1 =4.

c. Use your graphing calculator to graph V'(f) and determine the horizontal

asymptote of V'(f ) . Interpret its meaning in the context of the problem.
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5.6: Inverse Trigonometric Functions: Differentiation

When you are done with your homework you should be able to...
n Develop properties of the six inverse trigonometric functions
n Differentiate an inverse trigonometric function
1 Review the basic differentiation rules for elementary functions

Warm-up: Draw the following graphs by hand from|[-7,7]. List the domain and

range in interval notation.
a. Graph f(x)=sinx

Restricted Domain:

Range:

b. Graph g(x)=arcsinx

Domain:

Range:
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c. Graph f(x)=cscx.

3

Restricted Domain:

Range: .
: 4

d. Graph g(x)=arccscx,

3

Domain:

Range:

- >

: 4

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 262



e. Graph f(x)=cosx.

Restricted Domain:

Range:

f. Graph g(x)=arccosx

Domain:

Range:
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g. Graph f(x)=secx.

3
>
Restricted Domain:
Range: +
h. Graph g(x)=arcsecx .
$
- -
Domain:
L
Range:
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i. Graph f(x)=tanx.

4
Restricted Domain: -
Range:
4
j. Graph g(x)=arctanx,
L
Domain:
Range:
- -
: 4
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k. Graph f(x)=cotx.

4
Restricted Domain:
Range:
-
4
l. Graph g(x)=arccotx.
3
Domain:
Range:
- -
: 4
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Example 1: Evaluate each function.

a. arccot(1) d. arctan(\/§ )

b, arcsin _Q arc cos 1
. 2 e- 2

arcsec &
c. 3 f. arccsc(—x/i)

Example 2: Solve the equation for x.

arctan (2x—5) =1
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Example 3: Write the expression in algebraic form. (HINT: Sketch a right
triangle)

a. sec(arctan4x)

b. cos(arcsin x)
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Example 4: Differentiate with respect to x.

a. y=arcsinx
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b. y=arccosx
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c. y=arctanx
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d. y=arccscx
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e. y=arcsecx
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f. y=arccotx
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What have we found out?!

DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

Let U be a differentiable function of X .
T Lo
3. %[arctanu]= lfz’f 6. %[arccscu]=—|u|uﬁ

Example 5: Find the derivative of the function. Simplify your result to a
single rational expression with positive exponents.
a. f(t)=arcsins’
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b. g(x)=arcsinx+arccosx

1
= xarctan 2x ——In( 1+ 4x*
c.y S n(1+4x7)
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d. y=25 arcsing—xm
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Example 6: Find an equation of the tangent line to the graph of the function

\/_37r

1
y =§arC008x at the point [—7,?]
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5.7: Inverse Trigonometric Functions: Integration

When you are done with your homework you should be able to...
n Integrate functions whose antiderivatives involve inverse trigonometric
functions
1 Use the method of completing the square to integrate a function
n Review the basic integration rules involving elementary functions

Warm-up:
1. Differentiate the following functions with respect to x.

1

a. V= arctani—m
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b. arctan(xy)=arcsin(x+y).
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2. Complete the square.
a. 3+4x—x°

b. 2x*—6x+9

What did you notice about the derivatives of the inverse trigonometric

functions?

THEOREM: INTEGRALS INVOLVING INVERSE TRIGONOMETRIC

FUNCTIONS

Let u be a differentiable function of x,and let a>0.

> J‘a;ilu2

— u C
1. I \/7 arcsm +

|u|+C

2. '[ :—arcsec—
uVu —a’
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Example 1: Find the indefinite integral, or evaluate the definite integral.

J‘ dx
a4 xvx® -1
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dx
d. J‘xlnx

. J- (In x)2 dx

f. Ilnxdx
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Example 2: Find the integral by completing the square.

_[ dx
Q) iax+13
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b.j dx

xVx' -4
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. J‘ 2dx

V=x* +4x
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J‘ 2x-5
X +2x+2
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e. j - dx

V9 +8x% — x*
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3 1
et
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7/2 COSX
g. — 5 dx
0 1+sin”x
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Example 3: Find the area of the region bound by the graphs of

y:ih, x:O,y=0andx:1n\/§.
l+e
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7.1: Area of a Region Between Two Curves
When you finish your homework you should be able to...

n Find the area of a region between two curves using integration.
n Find the area of a region between intersecting curves using integration.
n Describe integration as an accumulation process.

f(i'l,') =44 - .'L'Q
A

A

Consider two functions that are continuous on an interval [a,b]. Also, the graph of
g(x) lies below the graph of f(x). We can see that the area of the region between
the graphs can be thought of as the area of the region under g subtracted from
the area of the region under f.

To verify this in general, partition the interval into n subintervals, each of width

Ax . Notice the area of the rectangle formed is I
Height: fix) — gix)
Width: Ax

A4, = (height)(width) =[ f (x,) — g(x,)]Ax . Because f and g
are both continuous on [a,b], so is f - g, and the limit
exists. So...

flx) <
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[/ () - g())dx

Area of a Region Between Two Curves

n

Area = lim [ (x) ~ g(x,)]Ax =

]

n—»0

If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b]. then the

graphs of fand g and the vertical lines x = a

-

area of the region bounded by the

b is

and x

[f(x) — g(x)] dx.

b
-

y=3x"-2x

’

3

=X

2.

Example 1. Find the area bounded by the graphs of V

x=0, and x

X
Y. N R R
1 1 1 1 1 1 1 1 1
_llﬂlunll_llu.ll_ll"u|._.||||"||._||"||_|||_||"||._.||"
1 1 1 1 1 1 1 1 1
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e
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2
1+x.
2

and y

2

X

Example 2. Sketch and find the area of the bounded region between the two

curves Y

X
Y. N R R
1 1 1 1 1 1 1 1 1
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y* =2 andy =x.

Example 3. Find the area between the graphs X

Y R T
1 1 1 1 1 1 1 1 1
e R LR Bl b R Bl Rl
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X.

y°—2andy

Now, consider the trick of regarding x as a function of y to make the calculations

Functions of y
much simpler.

X

X
i i ek Al Nl At i S
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y+landf(y)=y-1.

Example 4. Find the area between the graphs f(J’)

o T T ._ \ ﬁ y -q--.--.ﬂ-._--_.-_q-..--"
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7.2: Volume: The Disk Method
When you are done with your homework, you should be able to...

m Find the volume of a solid of revolution using the disk method
m Find the volume of a solid of revolution using the washer method
m Find the volume of a solid with known cross sections

The Disk Method
When a rejoin in the plane is revolved about a line, the resulting solid is a

_and the line is called the

Examples of solids of revolution commonly seen are axles, bottles, funnels, etc.
but the simplest solid of revolution is a disk which is formed by revolving a
rectangle about an axis adjacent to one side of the rectangle.

w Volume of a disk = (area of disk)(width of disk)

v N\

2
= TR'w

Rectangle

Axis of revolution

- Consider revolving the rectangle about the axis

Dik A
Of revolution. When we do this, a disk is

generated whose volume is:
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AV= 7R*Ax

Approximating the volume of a solid by N disks of witdh Axand radius R(x,)’gives

us

n

D 2[R(x,) Ax

i=1

And since the approximation gets better as ||A| -0 we can define:

Volume of a Solid = lim, ﬁZ[R(x WAx =7 j [R(x)]? dx

. ________________________________________________________________________________________________________|
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Example 1 The region under the graph of x”on [0,1]is revolved about the x axis.

Sketch the resulting solid and find its volume.

T R N N R
1 1 a 1 L 1 . 1 = 1 ' 1 1 f 1 a
R P AR RE LTS AN PP EP AP PR AR B
L} 1 1 1 1 1 1 1 1 Ll N Ll 1 1 1 N
T e M s A
1 1 1 1 1 1 1 1 1
S T U S T I
' ) \ \ \
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
R R e e e B e
1 1 1 1 1 1 1 1 1
.||—.||"ll_||"|||.||"||+l|||"||.. |"||Tl|.||"||+ |"
1 1 i 1 i 1 ' 1 f 1 1 1 1 f 1 i
"|||"||.||"||..l|"||+||"||.|+l|"||-.||"||"||1l|"||.
L} 1 ! 1 ! 1 ! 1 ! 1 ! 1 1 ! 1 !
-II1||“||_||“I|I_||"||.1| ||“|||_||"||1|J||_||4II“
y- 1 1 ! 1 ! 1 ! 1 ! r 1 !
' | HEEHE L
1 1 ! 1 ! 1 ! 1 ' 1 " 1 _- " 1 !
R ey e B bl EEEE ST P,
1 1 i 1 1 1 ' 1 f 1 1 1 1 f 1 i
[ S SO JUNY EOURRIOE SRSy PSRN TP URT DUDEY SUR A TN
L} 1 N 1 N Ll 1 1 1 Ll N Ll 1 1 1 N
1 1 1 1 1 1 1 1 1
R sl e RECEE EE CECEEEE S EEEE e B
1 1 i 1 i 1 ' 1 f 1 1 1 1 I 1 i
[EEEE T T LR R EEEE e Ll L T
Vo ' | \ Vo )
L]
[T T N PN S [ ST DU Y TR FUR NP R
1 1 1 1 1 1 1 1 1
1 ' \ h
1 1 1 1 1 1 1 1 1
HIJI- 1|LII-IIL.IJIIl|L.II_Ilr|J I-Il—lll_ll-
L R _<" R
[T T U O R VLI P AN aoe oAl P,

300

CREATED BY SHANNON MYERS (FORMERLY GRACEY)



We can also use the vertical axis as the axis of revolution.

THE DISK METHOD

To find the volume of a solid of revolution with the disk method, use one of the
formulas below. (See Figure 7.15.)

Horizontal Axis of Revolution Vertical Axis of Revolution
~b rd

Volume = V= 7| [R(x)]*dx Volume = V = 7| [R(y)]*dy

Ja

The Washer Method

The washer method is a way of finding the volume of a solid of revolution when it
has a hole in the middle. Thus named because a disk with a hole in the middle is a
washer.

. 8 To see how we find the volume, we must

. consider the inner and outer radii. Let's call the
<

' outer radius R(x) and the inner radius r(x). If

A o

Axis of revolution

we revolve the region about the axis of

Disk revolution, the volume of the solid is:

I
/ GRACEY) 301

Solid of revolution



V =z [((RE)T ~[r(x)])dx
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Example 2 Sketch and then find the volume of the solid formed by revolving the
region bounded by the graphs of y =sinx andy =x on [0, n/2] about the x-axis.
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Example 3. Find the volume of the solid generated by revolving the region bounded
by the graphs of y=2x’, y=0, x=2 about the a) y-axis, and then b) the liney = 8.
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Solids with Known Cross Sections

We have looked at finding the volume of a solid having a circular cross section
where 4=7R’> But we can generalize this method to solids of any shape as long as
we know a formula for the area of an arbitrary cross section.

VOLUMES OF SOLIDS WITH KNOWN CROSS SECTIONS

1. For cross sections of area A(x) taken perpendicular to the x-axis,

b

Volume = f A(x) dx. See Figure 7.24(a).
a

2. For cross sections of area A(y) taken perpendicular to the y-axis,

d
Volume = f A(y) dy. See Figure 7.24(b).

<

y=d y

(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis
Figure 7.24
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Example 4. Use the disk method to verify that the volume of a right circular cone

1
is gﬂrzh where ris the radius of the base and h is the height.
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Example 5. A manufacturer drills a hole through the center of a metal sphere of
radius 6. The hole has radius r. What value of r will produce a ring whose volume is
exactly half the volume of the sphere?
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