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SecWion 1.1: A PUeYieZ of CalcXlXV 
WheQ \RX fiQiVh \RXU hRPeZRUk, \RX VhRXOd be abOe WR« 

� UQdeUVWaQd ZhaW caOcXOXV iV aQd hRZ iW cRPSaUeV ZiWh SUecaOcXOXV 
� UQdeUVWaQd WhaW Whe WaQgeQW OiQe SURbOeP iV baVic WR caOcXOXV 
� UQdeUVWaQd WhaW Whe aUea SURbOeP iV aOVR baVic WR caOcXOXV 

 
WaUm-XS: FiQd Whe aUea Rf Whe WUiaQgOe Zhich haV VideV WhaW PeaVXUe 8 P, 12 P, 
aQd 18 P, UeVSecWiYeO\. If Qeeded, \RX Pa\ URXQd WR Whe QeaUeVW WeQWh. FeeO fUee 
WR XVe \RXU WechQRORg\. 
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CaOcXOXV iV Whe PaWhePaWicV Rf ______________________. WhaW dReV WhiV  

PeaQ?? WeOO, WhiQk abRXW WUaYeOiQg RQ highZa\ 5 ZheQ WheUe·V QR WUaffic (if WhaW·V  

eYeQ SRVVibOe-). SXSSRVe \RX WUaYeO fURP MiUaCRVWa CROOege WR gR WR Whe UaceV iQ  

DeO MaU. IW WakeV \RX 40 PiQXWeV WR WUaYeO aQd aOVR SaUk aW Whe UaceWUack. The  

WRWaO diVWaQce \RX WUaYeOed iV 19 PiOeV. FURP \RXU SUecaOcXOXV kQRZOedge, aUe \RX  

abOe WR fiQd WhiV UaWe ZiWh Whe giYeQ iQfRUPaWiRQ? ___________. If \eV, fiQd Whe  

UaWe.  

 
 
 
 
 
 
 
 
WhaW W\Se Rf UaWe Rf chaQge did \RX fiQd? The ______________________ UaWe  
 
Rf chaQge, aVVXPiQg WhaW \RX WUaYeOed aW a _____________________ VSeed. IV  
 
WhiV UeaOiVWic? _______________. SXSSRVe \RX SaVVed b\ Whe highZa\ SaWURO  
 
ZhiOe \RX ZeUe RQ Whe fUeeZa\, aQd he XVed hiV UadaU gXQ WR fiQd RXW \RXU UaWe?  
 
ThiV ZRXOd PeaVXUe \RXU ______________________ aW Whe e[acW PRPeQW he  
 
gRW Whe UeadiQg. ThiV W\Se Rf UaWe Rf chaQge iV ________________________. 
 
ThiV OeadV XV WR Whe _______________ OiQe SURbOeP.  
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E[amSle 1: FiQd Whe eTXaWiRQ Rf Whe OiQe VecaQW WR gUaSh Rf � � 2 2f [ [ � �  aW 
0[   aQd 3[  .         

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The PaiQ diffeUeQce beWZeeQ SUecaOcXOXV aQd caOcXOXV iV Whe addiWiRQ Rf Whe  
 
________________ SURceVV WR \RXU caOcXOaWiRQV, aQd WhiQkiQg Rf  
 
____________________ chaQge YeUVXV ______________________ chaQge.  
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The _______________ SURbOeP cRPbiQeV _____________________ aQd  
 
___________________ caOcXOXV. 
E[amSle 2: CRQVideU Whe UegiRQ bRXQded b\ Whe gUaShV Rf � � 2f [ [ , 0\  , aQd

1[  . 
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SecWion 1.2: Finding LimiWV GUaShicall\ and NXmeUicall\ 
WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

� EVWiPaWe a OiPiW XViQg a QXPeUicaO RU gUaShicaO aSSURach. 
� LeaUQ diffeUeQW Za\V WhaW a OiPiW caQ faiO WR e[iVW. 
� SWXd\ aQd XVe a fRUPaO defiQiWiRQ Rf OiPiW. 

WaUm-XS: CRQVideU Whe fXQcWiRQ � �
3 1

1
[f [
[
�

 
�                    

1. GUaSh Whe fXQcWiRQ b\ haQd.                 
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2. � �1 _____________f �  . 

 

 

3. GUaSh Whe fXQcWiRQ RQ \RXU gUaShiQg caOcXOaWRU aQd VkeWch Whe UeVXOW. 

 

 

 

 

 

 

 

 

 

4. NRZ, SOeaVe cRPSOeWe Whe chaUW beORZ.  

 

 

 

 

 

[  -1.1 -1.01 -1.001 -0.999 -0.99 -0.9 

� �
3 1

1
[f [
[
�

 
�  

      

 

undefined
At I I 3 there's an open circle on graph due
to the discontinuity ba d on the XH divided out fromthe denominator

since as x I

from the left and
right y is

Assa
approaching 3

seem

limX3t
X I Xt l

3
Iim Xt 1As X I from the left f x 3 x i Tt 3

AS X I from theright f x 3 aim x I
it Xt I

3.31 3.0301 3.00301 2.99701 2.9701 2.71
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GXeVV ZhaW? We jXVW did VRPe caOcXOXV!!! The fiUVW WhUee eQWUieV RQ Whe chaUW  
 
abRYe UeSUeVeQW Whe _____________ aV _____ __________________ -1 fURP  
 
Whe ________________ Rf _____________. IQ PaWheVe, Ze ZUiWe WhiV aV  
 
 
___________________________ RU fRU cOaUiW\, Ze ZUiWe  
 
 
___________________________.The Qe[W WhUee eQWUieV RQ Whe chaUW abRYe  
 
UeSUeVeQW Whe _____________ aV _____ __________________ -1 fURP Whe  
 
________________ Rf _____________. IQ PaWheVe, Ze ZUiWe WhiV aV  
 
 
___________________________ RU fRU cOaUiW\, Ze ZUiWe  
 
 
___________________________. 
 
NRZ«did Ze geW Whe VaPe aSSUR[iPaWe UeVXOW fRU each RQe-Vided OiPiW? _______.  
 
CRRO! ThiV PeaQV WhaW Ze haYe diVcRYeUed WhaW Whe ______________________  
 
aV _____ aSSURacheV _____ Rf ___________________________ iV _______.  
 
ThiV iPSOieV WhaW if WheUe iV QR deVigQaWiRQ Rf aSSURachiQg fRUP Whe _______ RU  
 
aSSURachiQg fURP Whe ________, Whe ________-_____________ OiPiWV  
 
aSSURach Whe VaPe ____-______________.  
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E[amSle 2: CRPSOeWe Whe WabOe aQd XVe Whe UeVXOW WR eVWiPaWe Whe OiPiW. 

a. 3

1 2OiP
3[

[
[o�

� �
�  
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� �f [  
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c. CRQVideU Whe fXQcWiRQ           
LeW·V gUaSh Whe fXQcWiRQ:           

  
[  2.9 2.99 2.999 3.001 3.01 3.1 

� �f [        

 
WhaW RbVeUYaWiRQV ZRXOd \RX Pake abRXW Whe behaYiRU Rf WhiV fXQcWiRQ aW Whe 
YeUWicaO aV\PSWRWe 3[   ? 
 
AV ___ aSSURacheV ___ fURP Whe _________ Rf ______________ Whe fXQcWiRQ  
 
_______________ ZiWhRXW __________ aQd aV ___ aSSURacheV ___ fURP Whe  
 
_________ Rf ______________ Whe fXQcWiRQ _______________ ZiWhRXW  
 
__________. TheUefRUe, _________________ aQd _____________________  
 
dR QRW e[iVW, aQd WhXV __________________ aOVR _____ _____ ___________. 

� � 2

1
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COMMON TYPES OF BEHAVIOR ASSOCIATED WITH NONEXISTENCE OF A 
LIMIT 

1. � �f [  aSSURacheV a diffeUeQW QXPbeU fURP Whe UighW Vide Rf c WhaQ iW 
aSSURacheV fURP Whe OefW Vide. 

2.  � �f [  iQcUeaVeV RU decUeaVeV ZiWhRXW bRXQd aV [ aSSURacheV c. 

3. � �f [  RVciOOaWeV beWZeeQ WZR fi[ed YaOXeV aV [ aSSURacheV c. 
 

E[amSle 3: CRQVideU Whe fXQcWiRQ 

 � �
ViQ ,    0
1 cRV ,   0
cRV ,    

[ [
g [ [ [

[ [
S

S

d
° � � d®
° !¯

                    
a. POeaVe gUaSh Whe fXQcWiRQ:                 

   
b. NRZ ideQWif\ Whe YaOXeV Rf c fRU Zhich Whe � �OiP

[ c
g [

o e[iVWV iQ iQWeUYaO 

QRWaWiRQ.  
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DEFINITION OF LIMIT 
LeW f be a fXQcWiRQ defiQed RQ aQ RSeQ iQWeUYaO cRQWaiQiQg c (e[ceSW SRVVibO\ aW c) 
aQd OeW L be a Ueal nXmbeU. The VWaWePeQW 

� �OiP
[ c

f [ L
o

 
 

PeaQV WhaW fRU each VPaOO SRViWiYe QXPbeU eSViORQ, deQRWed H , WheUe e[iVWV a 

VPaOO SRViWiYe QXPbeU deOWa, deQRWed G , VXch WhaW if  
 

� �0 ,  WheQ .[ c f [ LG H� � � � �  

 

LeW·V check iW RXW! 

hWWS://ZZZ.acVX.bXffaOR.edX/aPbVchiOd/Media-CaOcXOXV/Media-CaOcXOXV.hWPO  
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E[amSle 4: FiQd Whe OiPiW L. TheQ fiQd 0G !  VXch WhaW � � 0.01f [ L� �  ZheQeYeU 

[ c G� � . 

� �2

5
OiP 4
[

[
o

�  
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f x x74
Ifk LIL 0.01 c 5
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labt lallbllx cl flxl
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q
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29.01 L 1 E
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l l
l l

I
l
I I

f i l
1 I
i I
g 5 X

C g N c't f
n C

4.9905 5.00095



  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 16 

 

1.3: EYalXaWing LimiWV Anal\Wicall\ 
WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S EYaOXaWe a OiPiW XViQg SURSeUWieV Rf OiPiWV 
S DeYeORS aQd XVe a VWUaWeg\ fRU fiQdiQg OiPiWV 
S EYaOXaWe a OiPiW XViQg diYidiQg RXW aQd UaWiRQaOi]iQg WechQiTXeV 
S EYaOXaWe a OiPiW XViQg Whe STXee]e TheRUeP 

 
WaUm-XS:  
 

1. FacWRU aQd ViPSOif\. 

a. 

38 27
2 3
[
[
�
�  

 
 
 
 
 
 
 

b. 3 22 4 8[ [ [� � �  
 
 
 
 

 
 
 

c. 23 11 4[ [� �  
 
 
 
 
 

8 3 2 73,27 13
AB B CA B CA't AB BY
A't B At B Ah AB tB2

BTW ATB
CAtB AtB

LAtf

µp fzxf3J 2 5 2 713 35
6 9

2 1 3
14

2
692 Iffy

42 2184
18 27
18 27
o

x2 X 2 4 X 2 So 12 3 4
2
6 9

8 324x 2 XZ 4
A
2 B At B CA B

b
ad

3x 2gt
D D

Exeter SEE
1
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2. RaWiRQaOi]e Whe QXPeUaWRU. SiPSOif\ if SRVVibOe. 

1 2
3

[
[
� �
�  

 
 
 
 
 
 
 
 
 
 
 
E[amSle 1: FiQd Whe fROORZiQg fXQcWiRQ YaOXeV. 

a. � � 2f [  �  

� �4 _______________f   
 
 
 
 

b. � �f [ [  

� �4 _______________f   
 
 
 

c. � � 3f [ [  

� �4 _______________f   
 

At B A B AZBZ

thrift's
Ft 5 c25

xt zT

121

A

4
3 1641
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E[amSle 2: EYaOXaWe Whe fROORZiQg OiPiWV XViQg \RXU gUaShiQg caOcXOaWRU. 

a. � �
4

OiP 2
[o

�  

 
 
 
 
 
 
 
 

b. 4
OiP
[

[
o  

 
 
 
 
 
 
 

c. 
3

4
OiP
[

[
o  

 
 
 
 

 
 
 
 
 
 
 
 
 

NfCx

si s
cIzI jKsy z

4 2

y
x

7
A C4 4I i f

L y

14,64

4641
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DIRECT SUBSTITUTION 
If Whe OiPiW Rf � �f [  aV [ aSSURacheV c iV � �f c , WheQ Whe OiPiW Pa\ be 

eYaOXaWed XViQg diUecW VXbVWiWXWion. ThaW iV, � � � �OiP .
[ c

f [ f c
o

  TheVe W\SeV Rf 

fXQcWiRQV aUe cRQWiQXRXV aW c. 

THEOREM: SOME BASIC LIMITS 

LeW b aQd c be UeaO QXPbeUV aQd OeW Q be a SRViWiYe iQWegeU. 

1. OiP _______
[ c

b
o

 

 

2. OiP ______
[ c

[
o

 

 

3. OiP ____n

[ c
[

o
 

THEOREM: PROPERTIES OF LIMITS 

LeW b aQd c be UeaO QXPbeUV, OeW Q be a SRViWiYe iQWegeU, aQd OeW f aQd g be 
fXQcWiRQV ZiWh Whe fROORZiQg OiPiWV.  

     � � � �OiP         aQd            OiP
[ c [ c

f [ L g [ K
o o

   

  LIMIT          

1. ScaOaU PXOWiSOe:  � �OiP
[ c

bf [ bL
o

 ª º¬ ¼  

2. SXP RU diffeUeQce:  � � � �OiP
[ c

f [ g [ L K
o

r  rª º¬ ¼  

3. PURdXcW:   � � � �OiP
[ c

f [ g [ LK
o

 ª º¬ ¼  

4. QXRWieQW:   
� �
� �

OiP ,  0
[ c

f [ L K
g [ Ko

ª º
 z« »

¬ ¼  

5. PRZeU:    � �OiP
n n

[ c
f [ L

o
 ª º¬ ¼  

 

b c en
y _b y X y X
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E[amSle 3: FiQd Whe OiPiW. IdeQWif\ Whe iQdiYidXaO fXQcWiRQV aQd Whe SURSeUWieV 
\RX XVed WR eYaOXaWe Whe OiPiW. 

a. � �
2

OiP 5
[

[
o

�  

 
 
 
 
 
 
 
 

� � � �________,     __________f [ g [   

PURSeUWieV XVed: 

 

b. 30

6 5OiP
2[

[
[o

�§ ·
¨ ¸�© ¹

 

 
 
 
 
 
 
 

� � � �________,     __________f [ g [   

PURSeUWieV XVed: 

dims time fights x s 2

X 2 x 2

5 x

2

1586 5 yijnog.EE
si6coI 5
CoP Z

finfolx 2

I
3

6 5 x Z

4
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THEOREM: LIMITS OF POLYNOMIAL AND RATIONAL FUNCTIONS 

If S iV a SRO\QRPiaO aQd c iV a UeaO QXPbeU, WheQ  

     � � � �OiP .
[ c

p [ p c
o

 
 

If U iV a UaWiRQaO fXQcWiRQ giYeQ b\ � � � � � �r [ p [ q [  aQd c iV a UeaO 

QXPbeU VXch WhaW � � 0q c z , WheQ  

     � � � �OiP .
[ c

r [ r c
o

 
 

E[amSle 4: FiQd Whe fROORZiQg OiPiWV. 

a. � �4 2

3
OiP 6 2
[

[ [
o

� � �  

 
 
 
 
 
 

b. 

3

4

1OiP
2 7[

[
[o�

�
�  

 
 
 
 
 
 
 

334 6135 2

81 t 54 2

1291

E
S
Guy I

27

65
1

1651
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THEOREM: THE LIMIT OF A RADICAL FUNCTION 

LeW Q be a SRViWiYe iQWegeU. The fROORZiQg OiPiW iV YaOid fRU                              

aOO c if Q iV Rdd, aQd iV YaOid fRU 0c ! if Q iV eYeQ.   

OiP n n

[ c
[ c

o
 

      
 

 

E[amSle 5: FiQd Whe fROORZiQg OiPiWV. 

a. 225
OiP
[

[
o  

 
 
 
 
 

b. 
5

243
OiP

[
[

o�  

 

 

 

THEOREM: THE LIMIT OF A COMPOSITE FUNCTION 

LeW f aQd g be fXQcWiRQV ZiWh Whe fROORZiQg OiPiWV.  

  � � � � � �OiP         aQd         OiP
[ c [ L

g [ L f [ f L
o o

  
   

   
� �� � � �� � � �OiP OiP

[ c [ c
f g [ f g [ f L

o o
   

D
5225
1151

EF24I
F iiEI

2
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E[amSle 6: CRQVideU Whe cRPSRViWe fXQcWiRQ � � � �� � 2ViQh [ f g [ [  . SR, 

� � � �_________   aQd   __________f [ g [   

EYaOXaWe Whe fROORZiQg. 

a. ________
4

g S§ ·  ¨ ¸
© ¹  

 

b. 

     

           

           

        
OiP

[o

§ ·
¨ ¸¨ ¸
© ¹  

 
 
 

c. 

     

2

       4

       

OiP ViQ OiP
              [

[

[
S

o
o

§ ·
¨ ¸
¨ ¸

 ¨ ¸
¨ ¸
¨ ¸
© ¹

 

 
 
 
 

 
 
 

S1n2X slhX

sink h f glxD
sink

ra12

FAKEsins L
IT Z

T

2

it
Jinx

4

2

L

El
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THEOREM:  LIMITS OF TRIGONOMETRIC FUNCTIONS 
LeW c be a UeaO QXPbeU iQ Whe dRPaiQ Rf Whe giYeQ                 
WUigRQRPeWUic fXQcWiRQ. 

1. � �OiP ViQ ViQ
[ c

[ c
o

   2. � �OiP cRV cRV
[ c

[ c
o

  

3. � �OiP WaQ WaQ
[ c

[ c
o

   4. � �OiP cRW cRW
[ c

[ c
o

  

5. � �OiP Vec Vec
[ c

[ c
o

 
  

6. � �OiP cVc cVc
[ c

[ c
o

 
 

 

E[amSle 7: EYaOXaWe Whe fROORZiQg OiPiWV. 

a. � �
2
3

OiP WaQ
[

[
S

o  

 
 
 
 
 

b. � �OiP cRV
[

[
So  

 
 
 

c. OiP cVc
6[

[
So

§ ·
¨ ¸
© ¹  

 
 
 
 

tan

COS IT

cultist I
Discsc

Isin
I
142

Ed
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THEOREM: FUNCTIONS THAT AGREE AT ALL BUT ONE POINT 

LeW c be a UeaO QXPbeU aQd OeW � � � �f [ g [  fRU aOO [ cz iQ aQ RSeQ iQWeUYaO 

cRQWaiQiQg c. If Whe OiPiW Rf � �g [  aV [ aSSURacheV c e[iVWV, WheQ Whe OiPiW             

Rf � �f [  aOVR e[iVWV aQd  

� � � �OiP OiP .
[ c [ c

f [ g [
o o

  

 
E[amSle 8: FiQd Whe fROORZiQg OiPiWV, fiUVW XViQg diUecW VXbVWiWXWiRQ. If \RX geW aQ 
iQdeWeUPiQaWe UeVXOW, WU\ XViQg Whe WheRUeP abRYe aQd ideQWif\ � �g [ . 

a. DiUecW VXbVWiWXWiRQ: 
3

1

1OiP
1[

[
[o�

�
�  

3

1

1OiP
1[

[
[o�

�
�  

 
 

b. DiUecW VXbVWiWXWiRQ: 
2

3

5 6OiP
3[

[ [
[o

� �
�  

2

3

5 6OiP
3[

[ [
[o

� �
�

 

 
 

THE SQUEEZE THEOREM 

If � � � � � �h [ f [ g [d d  fRU aOO [ iQ aQ RSeQ iQWeUYaO cRQWaiQiQg c, e[ceSW SRVVibO\ aW 

c iWVeOf, aQd if � � � �OiP OiP
[ c [ c

h [ L g [
o o

   WheQ � �OiP
[ c

f [
o

 e[iVWV aQd iV eTXaO WR L.  

Factor rewrite

f f x Mtf
Xt I

f o_O
indeterminate

guy Xx Ext l
Ii

i is InoErex
LgCx7

Xf xt I

372 5 3 t 6

figs 36 z

to Newtype

easing ex z I
iss z

I
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THEOREM: TWO SPECIAL TRIGONOMETRIC LIMITS 

1. 0

ViQOiP 1
[

[
[o

    2. 0

1 cRVOiP 0
[

[
[o

�
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T T

Memorize
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gosMd A tbh AEEOF tbh
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aT ffIIE
nAEtzO5

A _sA tan AE Z
m 8 sc50 o

tano

f 1 r COSI
42322 ITS f I z keep in mind sfIsolate
A Z AZZ As

taye.EEzEnozsinsiEoafismocosoefismosi Eino

f

for
Fosi by

1 Costs
5 E l the squeeze
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E[amSle 9: FiQd Whe fROORZiQg OiPiWV.  

a. DiUecW SXbVWiWXWiRQ: 
2

0

WaQOiP
[

[
[o  

 
2

0

WaQOiP
[

[
[o  

 
 
 
 
 
 
 
 
 
 

b. DiUecW SXbVWiWXWiRQ: 
4

1 WaQOiP
ViQ cRV[

[
[ [So

�
�  

4

1 WaQOiP
ViQ cRV[

[
[ [So

�
�  
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STRATEGIES FOR FINDING LIMITS 

1. TU\ XViQg _____________________ ___________________________  
fiUVW. If WhiV ZRUkV, \RX aUe dRQe! If QRW, gR WR VWeS 2. 
 

2. If \RX RbWaiQ aQ _____________________ UeVXOW ZheQ XViQg diUecW  
 
VXbVWiWXWiRQ (_____________), WU\  

 
a. ______________ Whe QXPeUaWRU aQd deQRPiQaWRU, ______________  

 
RXW cRPPRQ facWRUV, aQd WheQ XVe diUecW ______________________  
RQ Whe QeZ e[SUeVViRQ. 
 

b. __________________________ Whe QXPeUaWRU, aQd WheQ XVe diUecW 
VXbVWiWXWiRQ RQ Whe QeZ e[SUeVViRQ. 

3. If \RX RbWaiQ aQ iQdeWeUPiQaWe UeVXOW ZheQ XViQg diUecW VXbVWiWXWiRQ (0/0), 
RQ a __________________________ e[SUeVViRQ WU\ 
 

a. ReZUiWiQg Whe e[SUeVViRQ XViQg WUigRQRPeWUic __________________, 
aQd WheQ XVe diUecW VXbVWiWXWiRQ RQ Whe QeZ e[SUeVViRQ. 

b. ReZUiWiQg Whe e[SUeVViRQ XViQg WUigRQRPeWUic ideQWiWieV, aQd WheQ XVe  
 

 
Whe VSeciaO WUigRQRPeWUic OiPiWV _________________________ aQd  
 
________________________. 
 

4. ____________________ \RXU UeVXOW b\ gUaShiQg Whe fXQcWiRQ RQ \RXU 
gUaShiQg caOcXOaWRU. 

direct substitution

indeterminate

g

Factoring dividing

substitution

Rationalize

trigonometric
identities

limsinx
x o I I

dim 1 0512 0
o x

verify
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E[amSle 10: FiQd Whe fROORZiQg OiPiWV. 

a. DiUecW VXbVWiWXWiRQ: 4

2 2OiP
4[

[
[o

� �
�  

4

2 2OiP
4[

[
[o

� �
�  

 
 
 
 
 
 
 
 

b. DiUecW SXbVWiWXWiRQ: 
� �2 2

0

2 2
OiP
[

[ [ [
[' o

� ' �
'  

� �2 2

0

2 2
OiP
[

[ [ [
[' o

� ' �
'  

 
 
 
 
 
 
 
 
 

EriionitTL
numerator
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him X 2 Z
xs4 tF

1 or IFI
him
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C

2 fim o txtA
TX DX X AZ BZ Cat B A B

DX

zjymo
2 tfg no xtD 5 xt2xaxtox

2 fiffo 2x DX

ES z 2 0

141
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c. DiUecW SXbVWiWXWiRQ: 0

1 1
3 3OiP

[

[
[o

�
�

 

0

1 1
3 3OiP

[

[
[o

�
�

 

 
 
 
 
 
 
 
 
 
 
 
 

d. DiUecW SXbVWiWXWiRQ: 0

cRV WaQOiP
T

T T
To  

0

cRV WaQOiP
T

T T
To  

 

 

 

 

more Evil Plan
work common denomOf simplifyL

3 y 4 74

dim 3tX3_ I
x O 36 3 x

l imozY 1

D I

Fri
fjmo EI

To

fingsifI specialtrig limit

D
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1.4: ConWinXiW\ and One-Sided LimiWV 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S DeWeUPiQe cRQWiQXiW\ aW a SRiQW aQd cRQWiQXiW\ RQ aQ RSeQ iQWeUYaO 
S DeWeUPiQe RQe-Vided OiPiWV aQd cRQWiQXiW\ RQ a cORVed iQWeUYaO 
S UVe SURSeUWieV Rf cRQWiQXiW\ 
S UQdeUVWaQd aQd XVe Whe IQWeUPediaWe VaOXe TheRUeP 

 

WaUm-XS: CRQVideU Whe fXQcWiRQ � �
2 4

2
[f [
[
�

 
� . 

a. SkeWch Whe gUaSh. 

 
b. � �2 __________f �   

 
 

 

c. 
2

2

4OiP _________________
2[

[
[o�

�
 

�  

 

 

CAFE x 2
X Z Xt 2

2
I
f x

hole x Z i fC 2 4 o
DNE r

g µ
X
Z

10 to X

O

10

undefined f is not continuous
since f C 2 is

not defined

4
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DEFINITION OF CONTINUITY 

CONTINUITY AT A POINT: A fXQcWiRQ                                                      
f iV conWinXoXV aW c if Whe fROORZiQg WhUee                                          
cRQdiWiRQV aUe PeW. 

1. � �f c
 
iV defiQed. 

2. � �OiP
[ c

f [
o  

e[iVWV. 

3. � � � �OiP
[ c

f [ f c
o

 . 

CRQVideU Whe ZaUP-XS SURbOeP. UVe Whe definiWion of conWinXiW\ aW a SoinW WR 
deWeUPiQe if f  iV cRQWiQXRXV aW 2[  � ?   

 

 

 

 

 

 

memorint

See above

Doesn't Doesn't Doesn'tmeet
meet I meet 2 3

c fCe
L

ft

f c isundefined mcfCx DNE fimcfCx f Cc
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CONTINUITY ON AN OPEN INTERVAL:  

A fXQcWiRQ iV conWinXoXV on an oSen inWeUYal (a,b) if iW iV cRQWiQXRXV aW each 
SoinW in Whe inWeUYal. A fXQcWiRQ WhaW iV cRQWiQXRXV RQ Whe eQWiUe UeaO OiQe iV 
eYeU\ZheUe conWinXoXV.  

 

 

E[amSle 1: DUaZ Whe gUaSh Rf Whe fROORZiQg fXQcWiRQV ZiWh Whe giYeQ 
chaUacWeUiVWicV RQ Whe RSeQ iQWeUYaO fURP a WR b: 

a. The fXQcWiRQ haV a UePRYabOe                                                    

diVcRQWiQXiW\ aW 0[   
 
 
 
 
 
 

 
 

O

n O

I 1 X
a b

g o is defined
but mo f x f o

3 isn't met



  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 34 

 

b. The fXQcWiRQ haV a QRQUePRYabOe                                              

diVcRQWiQXiW\ aW 0[   
 
 
 
 
 

THEOREM: THE EXISTENCE OF A LIMIT 

LeW f be a fXQcWiRQ aQd OeW c aQd L be UeaO QXPbeUV. The OiPiW Rf � �f [
 
aV [ 

aSSURacheV c iV L if aQd RQO\ if  

� � � �OiP      aQd     OiP .
[ c [ c

f [ L f [ L
� �o o

  
 

 

   

Ca b flex
5

so o
a o

X o

Itg
EYED or fCx intex g la b j X

O o fails
I o 2f i KiB o o

f 12 4421 0 s

a b

glad
qi.ma.tt

t

fCa
b f b

qq.tk
Hb

f b
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CONTINUITY ON A CLOSED INTERVAL:  

A fXQcWiRQ f iV conWinXoXV on Whe cloVed inWeUYal [a,b] if iW iV cRQWiQXRXV RQ 
Whe RSeQ iQWeUYaO (a, b) aQd  

� � � � � � � �OiP      aQd     OiP .
[ a [ b

f [ f a f [ f b
� �o o

  
 

The fXQcWiRQ f iV conWinXoXV fUom Whe UighW aW a aQd conWinXoXV fUom Whe 
lefW aW b.  

E[amSle 2: GUaSh each fXQcWiRQ aQd XVe Whe defiQiWiRQ Rf cRQWiQXiW\ WR diVcXVV 
Whe cRQWiQXiW\ Rf each fXQcWiRQ. 

a. � � WaQg [ [  
 

 
 

 

 

sine
cost

Cosa o when gud
EIzf3Ia I l

l 3 I 1I

I 2 Jig is continuous
on 1 so

1
i o 1 I

x xek.in Iztnt.IfE
If

Iy.tosIE
I l

i z I
1 I

3 I 1
in Iv Iv l
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b.  

2

,     2
,    2 4

,    4
4

[ [
\ [ [

[ [


° d
°

 � � �®
°
° t
¯

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

y 1 1 yz X y IT
r s

I.s

Hs
o

Boundarypoints o
S

X 2 y 2 Discontinuities at 5 2,4

Y
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e
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THEOREM: PROPERTIES OF CONTINUITY 

If b iV a UeaO QXPbeU aQd f aQd g aUe cRQWiQXRXV aW [ c  WheQ Whe fROORZiQg 
fXQcWiRQV aUe aOVR cRQWiQXRXV aW c.    

1. ScaOaU PXOWiSOe:  bf  

2. SXP RU diffeUeQce:  f gr  

3. PURdXcW:   fg  

4. QXRWieQW:   � �,  0f g c
g

z  

The fROORZiQg W\SeV Rf fXQcWiRQV aUe cRQWiQXRXV aW eYeU\ SRiQW iQ WheiU 
dRPaiQV. 

1. PRO\QRPiaO fXQcWiRQV:  � � 1
1 1 0

n n
n np [ a [ a [ a [ [�

� � � � �"  

2. RaWiRQaO fXQcWiRQV:   � � � �
� � � �,  0

p [
r [ q [

q [
 z  

3. RadicaO fXQcWiRQV:   � � nf [ [  

4. TUigRQRPeWUic fXQcWiRQV: ViQ ,  cRV ,  WaQ ,  cRW ,  Vec ,  cVc[ [ [ [ [ [  
 

 

THEOREM: CONTINUITY OF A COMPOSITE FUNCTION 

If g iV cRQWiQXRXV aW c aQd f iV cRQWiQXRXV aW � �g c                                                                

WheQ Whe cRPSRViWe fXQcWiRQ � �� � � �� �f g [ f g [ D                                     

iV cRQWiQXRXV aW c.
      

 

 
 

a

TX ff
IR tofind
domain
XZ 0
for

even

indices
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THEOREM:  THE INTERMEDIATE VALUE THEOREM 
If f iV cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b

 
aQd N iV aQ\ QXPbeU 

beWZeeQ � �f a  aQd � � ,f b
 
WheQ WheUe iV aW leaVW RQe QXPbeU c iQ 

> @,a b  VXch WhaW � � .f c k  

 

E[amSle 3: CRQVideU Whe fXQcWiRQ � � cRV 2f [ [  RQ Whe cORVed iQWeUYaO 0, .
2
Sª º

« »¬ ¼    

a. SkeWch Whe gUaSh Rf f b\ haQd. 

 

b. SWaWe Whe UeaVRQ Zh\ Ze caQ aSSO\ Whe iQWeUPediaWe YaOXe WheRUeP (IVT). 
 

 

c. UVe Whe IVT WR fiQd c VXch WhaW � � 1 .
2

f c   

 

1

a O
b I z

5 x
f O cos 2 o cos O I

f Iu cos 2 E cos IT I
in

it

ka
O l i

TH O Ei i x
K2 Ia
l so

f is continuous on 0,52 and K and IL ELI

HE u c



  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 39 

 

E[amSle 4: EYaOXaWe Whe RQe-Vided OiPiWV. 

a. 2

2OiP
2[ [�o �  

 
 
 
 

b. 4

2OiP
4[

[
[�o

�
�  

 

 

 

 

c. 
10

10
OiP

10[

[
[�o

�
�  

 
 
 
 
 
 

d. 0

1OiP
[ [�o
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D S ff Z O

a 0

MORWEORK
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f
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TE
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s s lo is X x not
It

4 0

trends to x so the finite limit DNE

LetX 0.001
1 1000
I
1000
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1.5: InfiniWe LimiWV  
WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

� DeWeUPiQe iQfiQiWe OiPiWV fURP Whe OefW aQd fURP Whe UighW 
� FiQd aQd VkeWch Whe YeUWicaO aV\PSWRWeV Rf Whe gUaSh Rf a fXQcWiRQ 

WaUP-XS: EYaOXaWe Whe fROORZiQg OiPiWV aQaO\WicaOO\. 

a. 
� �

0

1 4 1 4
OiP
[

[
[o

� �ª º¬ ¼
 

 

 

 

 

 

 

 

 

 

b. 
2

0

WaQOiP
T

T
To  

 

 

 

 

 

 

e

Simen tu
of p fdim 4 4472.1

X o 46 4 x

L's.IEit5
Emo

J

4C0t4

into doing
O 0

him Sino I

effort o_0 cost o

fingosine sine
0520

e
f

RDS
Special trig
limit
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c. 
� �

0

ViQ 2
OiP
t

t
to  

 

 

 
DEFINITION OF INFINITE LIMITS 
LeW f be a fXQcWiRQ WhaW iV defiQed aW eYeU\ UeaO QXPbeU iQ VRPe RSeQ iQWeUYaO 
cRQWaiQiQg c (e[ceSW SRVVibO\ aW c). The VWaWePeQW 

       � �OiP
[ c

f [
o

 f  

PeaQV WhaW fRU each 0M ! WheUe e[iVWV a 0G ! , VXch WhaW � �f [ M!  ZheQeYeU 
0 .[ c G� � �  SiPiOaUO\, Whe VWaWePeQW 

       � �OiP
[ c

f [
o

 �f  

PeaQV WhaW fRU each 0N � WheUe e[iVWV a 0G ! , VXch WhaW � �f [ N�  ZheQeYeU 

0 .[ c G� � �  TR defiQe Whe infiniWe limiW fUom Whe lefW, UeSOace 0 [ c G� � �  b\ 

c [ cG� � � . TR defiQe Whe infiniWe limiW fUom Whe UighW, UeSOace 0 [ c G� � �  b\ 
c [ c G� � � . 

 

42

tins
I

Iz I
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E[aPSOe 1: DeWeUPiQe Whe iQfiQiWe OiPiW. 

a. 23
OiP

9[

[
[�o� �  

 

 

 

 

 

 

 

 

 

b. 3
OiP Vec

6[

[S
�o  

 

 

 

 

 

 

 

 

 

D 03 this means there's a vertical

asymptote at x 3

Let X 3.01
x

30L 3.04 Iim goes to a

9 0601 9 x5310000
Bigneg
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DEFINITION OF VERTICAL ASYMPTOTE 
If � �f [  aSSURacheV iQfiQiW\ RU QegaWiYe iQfiQiW\ aV [  aSSURacheV c  fURP Whe UighW 
RU Whe OefW, WheQ Whe OiQe [ c  iV a YeUWical aV\mSWoWe Rf Whe gUaSh Rf f . 
 
 
THEOREM: VERTICAL ASYMPTOTES 
LeW f  aQd g  be cRQWiQXRXV RQ aQ RSeQ iQWeUYaO cRQWaiQiQg c . If � � 0f c z , � � 0g c  , 
aQd WheUe e[iVWV aQ RSeQ iQWeUYaO cRQWaiQiQg c  VXch WhaW � � 0g [ z  fRU aOO [ cz  iQ 
Whe iQWeUYaO, WheQ Whe gUaSh Rf Whe fXQcWiRQ giYeQ b\ 

       � � � �
� �

f [
h [

g [
  

haV a YeUWical aV\mSWoWe aW [ c . 

E[aPSOe 2: FiQd Whe YeUWicaO aV\PSWRWeV (if aQ\) Rf Whe gUaSh Rf Whe fXQcWiRQ. 

a. � � cRVg TT
T

  
 

 

 

 

 

 

 

 

 

 

creak out fimo coff to 11hereisav.A.IO
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b. � �
2

3 2

4
2 2
[h [

[ [ [
�

 
� � �  

 

 

 

 

 

 

 

 

 
THEOREM: PROPERTIES OF INFINITE LIMITS 

LeW b aQd L  be UeaO QXPbeUV aQd OeW f  aQd g  be fXQcWiRQV VXch WhaW  

     � � � �OiP         aQd            OiP
[ c [ c

f [ g [ L
o o

 f   

   

1. SXP RU diffeUeQce:  � � � �OiP
[ c

f [ g [
o

r  fª º¬ ¼  

2. PURdXcW:   � � � �OiP ,    0
[ c

f [ g [ L
o

 f !ª º¬ ¼  

3. QXRWieQW:   
� �
� �

OiP 0
[ c

g [
f [o

ª º
 « »

¬ ¼  

SiPiOaU SURSeUWieV hROd fRU RQe-Vided OiPiWV aQd fRU fXQcWiRQV fRU Zhich Whe 
OiPiW Rf � �f [  aV [  aSSURacheV c  iV �f .     

No vertical
h x e

Xt 2 X z

x tHx asaynmopetoates.IE

h X H2X xt z

Cx Htt

X Z
h X F

Xt 2

21 1 0

2
2 1

imaginary
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E[aPSOe 3: LeW � � � � � �2OiP ,  OiP  aQd OiP 5
3[ c [ c [ c

f [ g [ h [
o o o

 �  f  . DeWeUPiQe Whe 

fROORZiQg OiPiWV: 

a. 
� �
� �

OiP
[ c

f [
g [o  

 

 

 

 
b. � � � � 2

OiP
[ c

f [ g [
o

�ª º¬ ¼  
 

 

 

 

 
c. 

� � � �
OiP

3[ c

h [ f [
o

ª º¬ ¼  
 

 
 

Iim f Cx

Halim
x c 9

Cx

43
T

ffignaffen gKD

me fix McgCx

f E 5
C 22

s inchCx fightCx

I 5 C E

feat
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2.1: The DeUiYaWiYe and Whe TangenW Line PUoblem 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S FiQd Whe VORSe Rf Whe WaQgeQW OiQe WR a cXUYe aW a SRiQW 
S UVe Whe OiPiW defiQiWiRQ WR fiQd Whe deUiYaWiYe Rf a fXQcWiRQ 
S UQdeUVWaQd Whe UeOaWiRQVhiS beWZeeQ diffeUeQWiabiOiW\ aQd cRQWiQXiW\ 

 
WaUP-XS: FiQd Whe fROORZiQg OiPiWV. 

a. 20

3OiP
2[

[
[ [o �

 

 
 
 
 
 
 
 
 
 

b. 
0

1 1
4 4OiP

[

[
[o

�
�  

 
 
 
 
 
 
 
 
 
 
 
 
 

him 3K
x 0,41 27

3lion
x o Xt 2

DE 3052
1372
Xt4
1 41

him 4 x 4
x O 4 47 I

him X
X O 46 47

I
dim
X O 4CX 4

toxin
HI
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c. � �3 3

0
OiP
[

[ [ [
[' o

� ' �
'

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A XtDx
Diff of

cubes

z.s.ge more work B X

dim cxtsxXxtD lxtAx X A3 B3 A B lA7ABtB
DX 50 DX

2t2XDxtDx xtDx x3 Pascal's A
dim o

atb I 1
DABO AX 1 I

zeroouf atb lat lb z I

g.mx
3txsxt2xAxt2xaxtAIxtDx faaIbbYatfazbatfIza5ib3i33DX

1 4 64DX 50

dim 3X xt3Xbx2tsx
DX

DX 90 I

dim
3
2 3 Nsx tax

oxo DX

him 3
2 t3xAxtBX

DX 50

3
2 3 107 tco5

3xI
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DEFINITION OF TANGENT LINE WITH SLOPE m 
If f  iV defiQed RQ aQ RSeQ iQWeUYaO cRQWaiQiQg c, aQd if Whe OiPiW                                        

                  

� � � �
0 0

OiP OiP
[ [

f c [ f c\ m
[ [' o ' o

� ' �'
  

' '    

e[iVWV, WheQ Whe OiQe SaVViQg WhURXgh � �� �,c f c  ZiWh VORSe m  iV Whe WangenW 

line WR Whe gUaSh Rf f aW Whe SRiQW � �� �,c f c .  

**The VORSe Rf Whe WaQgeQW OiQe WR Whe gUaSh Rf f aW Whe SRiQW � �� �,c f c  iV aOVR 

caOOed Whe VloSe of Whe gUaSh of f aW [ = c. 

E[aPSOe 1: FiQd Whe VORSe Rf Whe gUaSh Rf � � 21f [ [ �  aW Whe SRiQW � �1,2  XViQg 

Whe OiPiW defiQiWiRQ. 

 

 

 

 

 

 

 

 

 

 

 

ga
c 5 e

m slim f Ita z

DX O DX

It Itsx Z
m ein

Dx O DX
zero out 2

m
dim HtXt2AXtAx
dx o ax

2 tax n
m
eim x
DX 50 F f

r

m fimoC2tA get zx
g'HDS

M 2 to

me 2 f 17 2
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DEFINITION FOR VERTICAL TANGENT LINES 
If f  iV cRQWiQXRXV aW c aQd          

� � � � � � � �
0 0

OiP   RU  OiP
[ [

f c [ f c f c [ f c
[ [' o ' o

� ' � � ' �
 f  �f

' '    

Whe YeUWicaO OiQe [ c  SaVViQg WhURXgh Whe SRiQW � �� �,c f c  iV a YeUWical 

WangenW line WR Whe gUaSh Rf f .  

 

DEFINITION OF THE DERIVATIVE OF A FUNCTION 
The deUiYaWiYe Rf f  aW [ iV giYeQ b\                   

                           
� � � � � �

0
OiP
[

f [ [ f [
f [

[' o

� ' �
c  

'    

SURYided Whe OiPiW e[iVWV. FRU aOO [ fRU Zhich WhiV OiPiW e[iVWV, f c  iV a 
fXQcWiRQ Rf [.  

 
The SURceVV Rf fiQdiQg Whe deUiYaWiYe Rf a fXQcWiRQ iV caOOed  
 
_________________. A fXQcWiRQ iV ___________________ aW [ if iWV  
 
deUiYaWiYe e[iVWV aW [ aQd iV diffeUeQWiabOe RQ aQ RSeQ iQWeUYaO (a, b) if iW iV  
 
diffeUeQWiabOe aW ___________ ______________ iQ Whe iQWeUYaO. 
NOTATION FOR THE DERIVATIVE OF � �\ f [ : 

 
 
 

differentiation differentiable

every point
Y 5 x ddy dd dzffix D ft x
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E[aPSOe 2: FiQd Whe deUiYaWiYe Rf � � 34f [ [ � XViQg Whe OiPiW SURceVV.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

deffCx ddz4
3

f c x dim tht Dx f x
DX O DX

f x him 4 13 4 3

DX so DX y
I im 41 hEt3xDxt3xbxtlbx

x3
f x DX

DX SO

f lim 3x x 3 sx2 ax
3

DX
DX 0

him AKC 3
2 3xsx ax

5 Cx DXDX90 I

5 k Lying C 3
2
3 xosx osx

2

f DES 3
2
3 x o OT

f'CX 3Ty This is theslope of L
graph at x X

What is theslope
of the graph at

a x 5

f s 3 5
2

4751
b X O

f O 3 O D
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ALTERNATIVE LIMIT FORM OF THE DERIVATIVE 

                           
� � � � � �OiP

[ c

f [ f c
f c

[ co

�
c  

�    

ThiV fRUP Rf Whe deUiYaWiYe UeTXiUeV WhaW Whe RQe-Vided OiPiWV 
� � � � � � � �OiP   aQd  OiP

[ c [ c

f [ f c f [ f c
[ c [ c� �o o

� �
� �  e[iVW aQd aUe eTXaO.  

 

E[aPSOe 3: IV Whe fXQcWiRQ � � 2 3f [ [ diffeUeQWiabOe aW [ = 0? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

THEOREM: DIFFERENTIABILITY IMPLIES CONTINUITY 

If f iV diffeUeQWiabOe aW [ c , WheQ f  iV cRQWiQXRXV aW [ c .  

Iim fCx f lo
x Ot XT

2 3 213
him
x o X O

dim 1

X ot X 13

tends towards a

so dim
o

13 Inodwsards a note
thus fimx DNE and f is not

J.in xm
n

differentiable at 0 0 213 213 313
X 43

XT X

a
n a
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2.2: BaVic DiffeUenWiaWion RXleV and RaWeV of Change 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe cRQVWaQW UXOe 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe SRZeU UXOe 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe cRQVWaQW PXOWiSOe UXOe 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe VXP aQd diffeUeQce UXOeV 
S FiQd Whe deUiYaWiYe Rf Whe ViQe fXQcWiRQ aQd Rf Whe cRViQe fXQcWiRQ 
S UVe deUiYaWiYeV WR fiQd UaWeV Rf chaQge 

 
WaUP-XS: FiQd Whe fROORZiQg deUiYaWiYeV XViQg Whe OiPiW defiQiWiRQ Rf Whe 
deUiYaWiYe. 

a. � � 2f [   
 
 
 
 
 
 
 

b. � � 2f [ [  
 
 
 
 
 
 
 
 
 
 
 
 
 

f x
mofCXtsx f

DX

Ii i f
oo

ex

5 x _him 5 Cxtosx Fox
DX 90 DX

5 G L m
o

xtox
DX

5 cxj fixmoxftzxgxxto.IEarooutf'CxjIimDxC2xto
osx o ok

f 2 0

151 1 272 2X 2X te
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c. � � cRVf [ [  

 
 

 

 

 

 

 

 

 

 

 

 

 
THEOREM: THE CONSTANT RULE 
The deUiYaWiYe Rf a cRQVWaQW fXQcWiRQ iV ]eUR. ThaW iV, if c  iV a UeaO QXPbeU, 

WheQ                                          
> @ 0d c

d[
    

 
HPPP«iVQ·W WhiV WheRUeP Whe eTXiYaOeQW Rf Va\iQg WhaW Whe ________ Rf a 
_________________ OiQe iV ]eUR? 

E[aPSOe 1: FiQd Whe deUiYaWiYe Rf Whe fXQcWiRQ � � 6g [  . 

 

I ErilPlan_
Geoff.az IfEsfIosoB

sinAsin

f him fCXtD 7 dim Sino
o DX OF I

f Cx fImocos XtA osx

DX

f xj fximgocosxcosbx
sinxs.in ax cosy
ax

dim cos X cosxcos X sinxsinosx
f x

p o Ax

g G Lihfjos
sx lim sinxsin

DX DX o ax

g caffiggotos Iso 95 Ginosinxffifsos.snJSkxJ f cosxILo Smx I

D s qq.im D.s.spefyi.gem
sso HxI sinx

fC2C3
s

2 E
ee

Slope
horizontal y

L f 6 794 6

g LXdd c D ddI fiF
g'Cx ballpossible

Slopes
at X X
forgLx 6
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THEOREM: THE POWER RULE 
If n  iV a UaWiRQaO QXPbeU, WheQ Whe fXQcWiRQ � � nf [ [  iV diffeUeQWiabOe aQd           

1n nd [ n[
d[

�ª º  ¬ ¼    

FRU f  WR be diffeUeQWiabOe aW 0[  , n  PXVW be a QXPbeU VXch WhaW 1n[ �  iV 
defiQed RQ aQ iQWeUYaO cRQWaiQiQg ]eUR.  

E[aPSOe 2: FiQd Whe fROORZiQg deUiYaWiYeV. 

a. � � 5f [ [   

 

 

b.       � � 1 2f [ [         

 

 

 

 

 

c.    � � 5 3f [ [�  

 

 

 

 

gyferentiate

on
d aft

reffeef
F'Cx gcx.gs

I

3
f'c 5 T1
d d
DX DX t t

5 Cx EfXj
f x Ex

12

567 2171
d A
DX DX I

5 x Eg X

f 4 1 55
813

f X z8T5T
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THEOREM: THE CONSTANT MULTIPLE RULE 
If f  iV a diffeUeQWiabOe fXQcWiRQ aQd c iV a UeaO QXPbeU, WheQ cf  iV aOVR 
diffeUeQWiabOe aQd                   

                                   
� � � �d cf [ cf [

d[
c ª º¬ ¼    

PURRf: 
 
 
 
 
 
 
 
 
 
 
E[aPSOe 3: FiQd Whe VORSe Rf Whe gUaSh Rf � � 32f [ [ aW 

 
 
 

 

 

a. 2[   b. 6[  �  c. 0[    

  

 

 

ddxfcfcxjf f.info
Ctcxtax ctu

DX

him cffCxtax f x
DXSO DX

ffsixmoifffi.IO I g
ai

r r

Cf x

I

ay

V
5 x 2 ddxx constant mutt rule

f x 2 3 2 power rule

function g x 6
2

off
Bfs

g 2 6 25 f'f6 6l
y f o 6 o

g 24T f'C 6 2 fyaj.TL
Find the equation of the line tangent to f x 2

3 at 2

by I may ft 26233 16 19
16 246234



guys
2
3

L as f z 24

2,24
is where theslope
of f is 24

u
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THEOREM: THE SUM AND DIFFERENCE RULES 
The VXP (RU diffeUeQce) Rf WZR diffeUeQWiabOe fXQcWiRQV f  aQd g  iV iWVeOf 
diffeUeQWiabOe. MRUeRYeU, Whe deUiYaWiYe Rf f g�  (RU f g� ) iV Whe VXP (RU 
diffeUeQce) Rf Whe deUiYaWiYeV Rf f  aQd g . 

                           � � � � � � � �d f [ g [ f [ g [
d[

c c�  �ª º¬ ¼
 

� � � � � � � �d f [ g [ f [ g [
d[

c c�  �ª º¬ ¼    

PURRf: 

 

 

 

 

 

 

 

 

 

 

 

 

 

for f g i

ffWtg dim fix tax fox t g xq1
DX 00 DX

ftp.ixmsofcxtosfy f J ffxingogcxtosxaz gx7J

f'lx tg X
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E[aPSOe 4: FiQd Whe eTXaWiRQ Rf Whe OiQe WaQgeQW WR Whe gUaSh Rf
� �f [ [ [ � aW [ = 4. 

1. FiQd Whe 
_________  
aW _____. 
 

2. FiQd ______. 
 
 

3. WUiWe eTXaWiRQ Rf 
Whe OiQe 
___________ WR 
____ aW ______. 

 

 
 
 
 
 
 
 

THEOREM: DERIVATIVES OF THE SINE AND COSINE FUNCTIONS 

> @ > @ViQ cRV                   cRV ViQd d[ [ [ [
d[ d[

  �   

E[aPSOe 5: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR Whe 
iQdeSeQdeQW YaUiabOe: 
 

a. � � ViQ
6
[f [   b. � � 5 3cRVr T T T �

 

 

 

 

 

 

O
z r

f 4
derivative

4 f 147 4 54 tangent
f X 4

f x I 2

f 4 I

5 4 l E f 47 24

DI L
do

affix zd sinx

LEgrffoy.SI
f 3daocoso difumfigIffnnsraui

constant rko 5 l 31sin0 multipleruleg X tf SMX multiplerude
fTxm r'Co5t3sino_
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RATES OF CHANGE 

We haYe VeeQ hRZ Whe deUiYaWiYe iV XVed WR deWeUPiQe ___________. The  

deUiYaWiYe Pa\ aOVR be XVed WR deWeUPiQe Whe ________ Rf ___________ Rf RQe  

____________ ZiWh UeVSecW WR aQRWheU. 

A cRPPRQ XVe fRU UaWe Rf chaQge iV WR deVcUibe Whe PRWiRQ Rf aQ RbjecW PRYiQg iQ 
a VWUaighW OiQe. IQ VXch SURbOePV, iW iV cXVWRPaU\ WR XVe eiWheU a hRUi]RQWaO RU a 
YeUWicaO OiQe ZiWh a deVigQaWed RUigiQ WR UeSUeVeQW Whe OiQe Rf PRWiRQ. OQ VXch  

OiQeV, PRYePeQW WR Whe _________ RU ______________ iV cRQVideUed WR be iQ 
Whe SRViWiYe diUecWiRQ, aQd PRYePeQW WR Whe OefW RU dRZQZaUdV iV cRQVideUed WR be  

iQ Whe ______________ diUecWiRQ. 

THE POSITION FUNCTION iV deQRWed b\ s  aQd giYeV Whe SRViWiRQ (UeOaWiYe WR 
Whe RUigiQ) Rf aQ RbjecW aV a fXQcWiRQ Rf WiPe. If, RYeU a SeUiRd Rf WiPe t' , Whe 

RbjecW chaQgeV iWV SRViWiRQ b\ � � � �s s t t s t'  � ' � , WheQ, b\ Whe faPiOiaU 

fRUPXOa  

diVWaQceUaWe
WiPe

  

Whe aYeUage YelociW\ iV 

chaQge iQ diVWaQce
chaQge iQ WiPe

s
t

'
 
'  

 

 

 

Slope
rate change

variable

right upwards

negative

0
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E[aPSOe 6: A baOO iV WhURZQ VWUaighW dRZQ fURP Whe WRS Rf a 220-fRRW bXiOdiQg 
ZiWh aQ iQiWiaO YeORciW\ Rf -22 feeW SeU VecRQd. The SRViWiRQ fXQcWiRQ fRU fUee-
faOOiQg RbjecWV PeaVXUed iQ feeW iV � � 2

0 016s t t v t s � � � . 

WhaW iV iWV YeORciW\ afWeU 3 VecRQdV? 

 

 

 

 

 

 

WhaW iV iWV YeORciW\ afWeU faOOiQg 108 feeW? 

 

 

 

 

 

 

 

 

 

 

s t 16th t L 22 t 220 s t 16h7 22T t 220

dzdsCt 16E 22T t 220

yg Ct 32T 22 to After 3seconds thevelocity
VA 32T 22 Of the ball is 118ft Is

V 3 3263 ZZ

v 3 118ft Is

108 16 22T t 220

o at at
tirlggindignagingatoteftCalculator

t 2 o
z

discard neg t values

finding
velocity

t 32 t 22

at the
time

corresponding
to
falling

Z O 32 2 02 22

v 2.02 86ftIs
cogfeet

Thevelocityofthebatafter falling108 ft is 86ft Is
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2.3: The PUodXcW and QXoWienW RXleV and HigheU-OUdeU DeUiYaWiYeV 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe SURdXcW UXOe 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe TXRWieQW UXOe 
S FiQd Whe deUiYaWiYe Rf a WUigRQRPeWUic fXQcWiRQ 
S FiQd a higheU-RUdeU deUiYaWiYe Rf a fXQcWiRQ 

 
WaUP-XS: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV. SiPSOif\ \RXU UeVXOW WR a 
ViQgOe UaWiRQaO e[SUeVViRQ ZiWh SRViWiYe e[SRQeQWV. 

a. � �
23 2[ [f [

[
� �

  

 
 
 
 
 
 
 
 
 

b. � � � �25 3g [ [ �  
 
 
 
 
 
 
 
 
 
 

OUT SICK Video for 2.3 was assigned

aman a
Mtn

opera 2
xTJg.fisia.EEIitn7IIIz

f

z

f x Az xI'zx 1
45

f x ofX Ex
42 312

f IEEE E
Algebra

glx 25
2
30X t 9

g x 50 30 to

g'Cx 50x 3
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c. � � cRV
4

f [ [ S§ · �¨ ¸
© ¹

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

trigidentity
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THEOREM: THE PRODUCT RULE 
The SURdXcW Rf WZR diffeUeQWiabOe fXQcWiRQV f  aQd g  iV iWVeOf 
diffeUeQWiabOe. MRUeRYeU, Whe deUiYaWiYe Rf fg  iV Whe deUiYaWiYe Rf Whe fiUVW 
fXQcWiRQ WiPeV Whe VecRQd fXQcWiRQ, SOXV Whe fiUVW fXQcWiRQ WiPeV Whe 
deUiYaWiYe Rf Whe VecRQd fXQcWiRQ.                                            

                       
� � � � � � � � � � � �d f [ g [ f [ g [ f [ g [

d[
c c �ª º¬ ¼    

ThiV UXOe e[WeQdV WR cRYeU SURdXcWV Rf PRUe WhaQ WZR facWRUV. FRU e[aPSOe 
Whe deUiYaWiYe Rf Whe SURdXcW Rf fXQcWiRQV fghk  iV 

> @ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �d fghk f [ g [ h [ k [ f [ g [ h [ k [ f [ g [ h [ k [ f [ g [ h [ k [
d[

c c c c � � �

 

PURRf: 
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E[aPSOe 1: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR Whe 
iQdeSeQdeQW YaUiabOe. SiPSOif\ \RXU UeVXOW WR a ViQgOe UaWiRQaO e[SUeVViRQ ZiWh 
SRViWiYe e[SRQeQWV. 

a. � � cRVg [ [ [  

 
 
 
 
 
 
 
 
 

b. � � � �2
3h t t �  
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c. � � � �� �� �3 2 22 1f [ [ [ [ [ [ � � � �  DR QRW ViPSOif\ WhiV gX\- 

 
 
 
 
 
 
 
 

 

 

 

 

 

THEOREM: THE QUOTIENT RULE 
The TXRWieQW Rf WZR diffeUeQWiabOe fXQcWiRQV f  aQd g  iV iWVeOf 
diffeUeQWiabOe aW aOO YaOXeV Rf [  fRU Zhich � � 0g [ z . MRUeRYeU, Whe deUiYaWiYe 

Rf f g  iV Whe deUiYaWiYe Rf Whe QXPeUaWRU WiPeV Whe deQRPiQaWRU, PiQXV Whe 
QXPeUaWRU WiPeV Whe deUiYaWiYe Rf Whe deQRPiQaWRU, aOO diYided b\ Whe VTXaUe 
Rf Whe deQRPiQaWRU.                                            

                          

� �
� �

� � � � � � � �
� � 2

f [ f [ g [ f [ g [d
d[ g [ g [

ª º c c�
 « »

ª º¬ ¼ ¬ ¼
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E[aPSOe 2: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV. SiPSOif\ \RXU UeVXOW WR a 
ViQgOe UaWiRQaO e[SUeVViRQ ZiWh SRViWiYe e[SRQeQWV. 

a. � �
4

1
[g [
[

 
�
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b. � �
1

th t
t

 
�

 

 
 
 
 
 
 
 
 
 
 
 
 
 

c. � � WaQf [ [  
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THEOREM: DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 

 
> @ 2WaQ Vecd [ [

d[
      > @ 2cRW cVcd [ [

d[
 �  

> @Vec Vec WaQd [ [ [
d[

     > @cVc cVc cRWd [ [ [
d[

 �    

E[aPSOe 3: FiQd Whe deUiYaWiYe Rf Whe WUigRQRPeWUic fXQcWiRQV ZiWh UeVSecW 
WR Whe iQdeSeQdeQW YaUiabOe. 
a. � � 2cVcg [ [ �  

 
 
 
 
 
 
 

b. � � 2cRWh t t  
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c. � � Vec sr s
s

   

  

 

 

 

 

 

 

 

 

 

HIGHER ORDER DERIVATIVES 
 
RecaOO WhaW \RX caQ RbWaiQ ______________ b\ diffeUeQWiaWiQg a SRViWiRQ 
fXQcWiRQ. 
YRX caQ RbWaiQ aQ ______________ fXQcWiRQ b\ diffeUeQWiaWiQg a YeORciW\ 
fXQcWiRQ. OU, \RX cRXOd aOVR WhiQk abRXW Whe acceOeUaWiRQ fXQcWiRQ aV Whe 
_____________ deUiYaWiYe Rf Whe ______________ fXQcWiRQ. 
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E[aPSOe 4: AQ aXWRPRbiOe·V YeORciW\ VWaUWiQg fURP UeVW iV � � 100
2 15

tv t
t

 
�

 ZheUe Y iV 

PeaVXUed iQ feeW SeU VecRQd. FiQd Whe acceOeUaWiRQ aW 
 
 
 
 
 
 
 
 
 
 

a. 5 VecRQdV 
 
 
 
 
 
 

b. 10 VecRQdV 
 
 
 
 
 
 
 

c. 20 VecRQdV  
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NOTATION FOR HIGHER-ORDER DERIVATIVES 
 

FiUVW deUiYaWiYe  

 

    

Second deUiYaWiYe  

 

    

ThiUd deUiYaWiYe  

 

    

FoXUWh deUiYaWiYe  

 

    

QWh deUiYaWiYe  

 

    

E[aPSOe 5: FiQd Whe giYeQ higheU-RUdeU deUiYaWiYe. 

a. � � � �22 ,    f [ f [
[

ccc �  
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b. � � � � � � � �4 6WaQ ,    f [ [ f [  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

h X f X g x
ti x Cx glx tf g't

f x SEEX

f
s
x sea sea

PITY
goes a dalsecx sext secxadzlsecx

f x

secxtanxsecxtsecxsecxtanxfc
lcxj

2seextanxcha.vn
Rule

f's G Csec x 5 adf.uaExfuflukafeTLf
6

x f u dat dat sextant f a Zu

f x 2usecxtanx

f LD
2secxsecxtanxflnlxj2seextanx.TL
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2.4: The Chain RXle 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S FiQd Whe deUiYaWiYe Rf a cRPSRViWe fXQcWiRQ XViQg Whe ChaiQ RXOe. 
S FiQd Whe deUiYaWiYe Rf a fXQcWiRQ XViQg Whe GeQeUaO PRZeU RXOe. 
S SiPSOif\ Whe deUiYaWiYe Rf a fXQcWiRQ XViQg aOgebUa. 
S FiQd Whe deUiYaWiYe Rf a WUigRQRPeWUic fXQcWiRQ XViQg Whe ChaiQ RXOe. 

TheoUem: The Chain RXle 

 If � �\ f u  iV a diffeUeQWiabOe fXQcWiRQ Rf X aQd � �u g [ iV a diffeUeQWiabOe 

fXQcWiRQ Rf [, WheQ � �� �\ f g [  iV a diffeUeQWiabOe fXQcWiRQ Rf [ aQd 

� �� � � �� � � � RU .d\ d\ du d f g [ f g [ g [
d[ du d[ d[

ª º c c �  ¬ ¼  

 

 

 

 

 

 

 

 

 

 

 

ohderivativegraph

Eifert

g y
ya

rs
i

ihCX

Cfog lX hCx cos2x Letu

2xqhCxI

dfEos2x
h X f glx flu cos u

h x Sin 2x 2
u 2X

ghi
j fsm2X 2

h x f guy g'c
h'G 25in2x

h X u
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E[aPSOe 1: UVe Whe PeWhRdV OeaUQed iQ 2.2 aQd 2.3 WR eYaOXaWe Whe deUiYaWiYe Rf 
Whe fROORZiQg fXQcWiRQV. TheQ fiQd Whe deUiYaWiYe XViQg Whe ChaiQ RXOe.  

a. � �32\ [ �  
´ROd Za\µ  
 
 
 
 
 
 
 
ChaiQ RXOe 
 
 
 
 
 
 

b. � � ViQ 2f [ [  
´ROd Za\µ         
 
 
 
 
 
 
ChaiQ RXOe 
 
 
 
 

f di

2 x C2 x 2 x
pasggle'Ipfnsion

I 2 I
i 3 3 I

y 2 1 x

y k25tx t3 25C x t 3 2 a
2
1 2 4XP

ddyy dff8 12 6 2 3

y 12 12 3 y 362 4 4 y 31 25

y
3111112xD

y 3G
d y dC2 x µ z_x flu u
DX DX

addy 3 Z X5 12 x ad i flu 3u

off 3 Z XTC 1 dd 3C2 x

ddzfflxjglxlf

flxlglxltfkglxjdddyfcx7afsinxcos.li yapppfoiddudmkgyxyzffddzs.in cosXtCsMX ddxcosX
yfyx 2cos2x

f 2 cosxcosxtssnxfs.mx
5 1 3 2 cos2x sink

d f x _d sinkDX dx

5 X Cos 2x 2x

5 4 3 6052 7.2

652 1g'Lx
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c. � �
1

th t
t

 
�  

´ROd Za\µ   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ChaiQ RXOe 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

quotient rule adzffgY f G g x fCx7g'Cx
g x

htt t
12 I

h Ct
Cadet 2 Ct D t feddeCt

2ft Z 1
2

n'Ct It l t I t EE
t E 1

2

h Ct It It Z Etf
the 1 2

h'Ct ztT

h t rewrite as a product
t k I

doth t dd l t 1
apply productrule ddzffltlgttff.ttIge

tf E gCt
h Ct Cadet t 1 t Lt 2 tattle 2 IT

n'Lt It ft IJ t th f l t
th I T t l

h Ct IE E th D
t t 12 t 2 I J

Z
Et 2

zero out

h Ct EE t I51Ctf Ij 12

h'ct
zt
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TheoUem: The GeneUal PoZeU RXle 

 If � � ,
n

\ u [ ª º¬ ¼  ZheUe X iV a diffeUeQWiabOe fXQcWiRQ Rf [ aQd Q iV a UaWiRQaO 
QXPbeU, WheQ 

� � 1 1 RU .
n n nd\ du dn u [ u nu u

d[ d[ d[
� � cª º �  ª º¬ ¼ ¬ ¼  

 

 

 

 

 

 

 

 

E[aPSOe 2: CRPSOeWe Whe WabOe. 

� �� �\ f g [  � �u g [  � �\ f u  

� �2528 3\ [ �  
  

WaQ
3
[\ S

  
  

2cVc\ [    

2

5
6

\
[

 
�  

  

 

25
a815 3 y u

u ITI y tanu
3

Z
u Csc X y u

u X2t6 y 5q Su th
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E[aPSOe 3: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV. 

a. Vec\ [  
 
 
 

b. Vec 2\ [  
 
 
 
 
 
 

c. 
2Vec\ [  

 
 
 
 
 
 
 
 
 

d. 
2Vec\ [  

 
 
 
 
 
 
 

y's secxtanx Basic formula

y Secc tan 2x 2x

Iii an
3

momma.IE iIiIiC
sy secx5 choir u secX flu u2

y 2 secx sea rt ddfsecxtanxf.lu 2u

y 2secxksecxtanx

y x

chair
M u x2 flu seu

y seccistanciDldaxx

y
secx2tanx 2x

dd 2X f'Cut secutanu

y2XSecxtan
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e. 
5\ [  

 
 
 
 
 

f. � �532 5\ [ �  
 
 
 
 
 
 

 

g. \ [  

 

 

 

 

h. cRV\ [  
 
 
 
 
 
 
 
 

y 2

y I
d

dxcosxyhs.in

y2rcosxL
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i. � � � �2 32 2f [ [ [ �  
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d. � � 3

1
2 15

f [
[

 
�  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

zIqf 2
3
15

2

Algebra

g I 2 715 11 2 715 chain rule
3123

f G 2 715746
2

af'W u3 s5
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e.           � � 2ViQ 4h [ [ [  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

DI TTY j

h x Jfsin4 1 t Cx sin 4 5 productrule

h x I sin4X t X 2 sin4x sink

chain rule
h Lx sin4x t 2x sink cos14 3 d 4X

h Cx sin24x 2xsincex cos 4 x 4

h'Cx sin4xt8 sin4xcos
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f. FiQd Whe eTXaWiRQ Rf Whe WaQgeQW OiQe aW 1t   fRU Whe fXQcWiRQ  

� � � �2 329s t t � . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

y y m t t

t I

need SCt y
s l 9 a 5 3 FF 4

ti y 1,4

need m

m sit 3 9 E fade 9 E chain

s t 3 9 E 3C Zt

s CD Zz 9 at
b
f za

j l 3
2

s 1 Eg

construct eq of line

y y MC t t

y 4 ZT
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2.5: ImSliciW DiffeUenWiaWion 
WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S DiVWiQgXiVh beWZeeQ fXQcWiRQV ZUiWWeQ iQ iPSOiciW fRUP aQd e[SOiciW fRUP 
S UVe iPSOiciW diffeUeQWiaWiRQ WR fiQd Whe deUiYaWiYe Rf a fXQcWiRQ 

 
WaUP-XS: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg UeOaWiRQ.  

2 2 25[ \�   
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 

IMPLICIT AND EXPLICIT RELATIONS 

US WR WhiV SRiQW, Ze haYe W\SicaOO\ VeeQ fXQcWiRQV e[SUeVVed iQ ______________ 
fRUP. 

 

 

y
r n
Lois

y 25 X F 14,3

y r Ia
dy 125 xD or y

25 xD egos X

X 14 3

day's 2125 xD 25 9 wind

dd 25
2 4 4 7 rye y y _mix xD

j and d 9
15.1142

jdyy.tv Atx 4 y
t 3AtL4 3

TE and dy y c37 431 4
DX

y z 4zlx 4

explicit
y 2E TX XZ 3xt4y2t3y 29 0

2

rxty 2X hard to isolate y
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SRPe UeOaWiRQV RU fXQcWiRQV aUe RQO\ _____________ b\ aQ eTXaWiRQ. 

 

 

WheQ \RX ZeUe diffeUeQWiaWiQg Whe ZaUP-XS SURbOeP, \RX ZeUe abOe WR e[SOiciWO\ 
ZUiWe \ aV a fXQcWiRQ Rf [, XViQg _____ eTXaWiRQV. 

 

 

OfWeQWiPeV, iW iV difficXOW WR ZUiWe \ aV a fXQcWiRQ Rf [ __________________. 
IQ RUdeU WR diffeUeQWiaWe Ze PXVW XVe __________________ diffeUeQWiaWiRQ. TR 

XQdeUVWaQd hRZ WR fiQd d\
d[

 iPSOiciWO\, \RX PXVW kQRZ Zhich YaUiabOe \RX aUe 

diffeUeQWiaWiQg ZiWh ____________ WR. YRX PXVW XVe Whe ____________ UXOe RQ 
aQ\ YaUiabOe Zhich iV diffeUeQW WhaQ Whe RQe \RX aUe diffeUeQWiaWiQg ZiWh UeVSecW 
WR. 

E[aPSOe 1: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [. 
SiPSOif\ \RXU UeVXOW WR a ViQgOe UaWiRQaO e[SUeVViRQ ZiWh SRViWiYe e[SRQeQWV. 

a. 5\ [  
 
 
 
 

b. 5[ \  
 
 
 
 

implied

xfty 25 or Smitty sinCxy 5

2

x'ty 25

y Ev or y Ex

implicit
explicitly

respect chain

y is dId or de
DE

I d

DX DX

dI5x4Md

D
doesn't

match

implicit

matched adzdfx

1 5195 y
I 5y4dysDX

HiFI
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c. 2 2 25[ \�   

 

 

 

 

 

 

 

 

 

 

 

 

GUIDELINES FOR IMPLICIT DIFFERENTIATION (WITH RESPECT TO 
[) 
1. DiffeUeQWiaWe bRWh VideV Rf Whe eTXaWiRQ ZiWh UeVSecW WR [. 

2. CROOecW aOO WeUPV iQYROYiQg 
d\
d[  RQ Whe OefW Vide Rf Whe eTXaWiRQ aQd PRYe aOO 

RWheU WeUPV WR Whe UighW Vide Rf Whe eTXaWiRQ. 

3. FacWRU 
d\
d[  RXW Rf Whe OefW Vide Rf Whe eTXaWiRQ. 

4. IVROaWe 
d\
d[ .                                            

 

Recall
dy j d y I ExtDX DX

Fxx't y o

2X t.EC zyfo2Xt2yfff
o2yCdIdD2X

H f
or dd
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E[aPSOe 2: FiQd Whe deUiYaWiYe Rf Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [. 
SiPSOif\ \RXU UeVXOW WR a ViQgOe UaWiRQaO e[SUeVViRQ ZiWh SRViWiYe e[SRQeQWV. 

a. 4cRV ViQ 1[ \   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

affcosxsing a

djd.coDsmytcosxfddxsiny
0 product rule

sinxsinytcosxf.ws y y 0 chain rule

sinxsinyteosxcosy DI
O

cosxcosy dat sinxsing

dd Sinxsing
cosxcosy

ftp.tanxtany
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b. 2 2 2[ \ \ [�  �  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c. 
1cVc[
\
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E[aPSOe 3: UVe iPSOiciW diffeUeQWiaWiRQ WR fiQd aQ eTXaWiRQ Rf Whe WaQgeQW OiQe WR 

Whe h\SeUbROa 
2 2

1
4 9
[ \

�   aW 4[  . SkeWch Whe gUaShV Rf Whe h\SeUbROa aQd Whe 

WaQgeQW OiQe aW 4[   . 
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E[aPSOe 4: FiQd Whe SRiQWV aW Zhich Whe gUaSh Rf Whe eTXaWiRQ 
2 24 8 4 4 0[ \ [ \� � � �   haV a hRUi]RQWaO WaQgeQW OiQe. 
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

O
d 4x't y 8x t Uy t 4 6

ddx4xhtddzy 8ddxxttddxytdz.lt O

8 21 y y 8471499 0 0

8Xt2y d 8t4d o

2yfd t4 dat 8 six

dd 2yt4 8 six

ftp 8C x

2Cyt2
d

slopeofgraph 4C
Cytz

wherehorizontaltangents are
at

Lyta O 41xd.ly
y t2

At thepoints
0 4 l X 1,0 and 1 4

µ
g
coordinates 8 It t.no

eg9ornEEehFangnf

Atx l 4lD2ty2 8Ci7 t4y t 4 0

y 2 4y O

yCyt4 Oy yth

y O or y if
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E[aPSOe 5: FiQd 
2

2

d \
d[  iQ WeUPV Rf [ aQd \. 

1 [\ [ \�  �  
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

F D
y

add II f f
1 xy df x day

1 X

O HIX ytXd y 1 day dI
D tx City611xD
I

Ct

lytXdd I dd df 6tda h x City CO 1

adf.fi x _its III tt HH

d x

da HI H YITII X
1
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2.6: RelaWed RaWeV 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S FiQd a UeOaWed UaWe 
S UVe UeOaWed UaWeV WR VROYe UeaO-Oife SURbOePV 

 
WaUP-XS 1: FiQd Whe deUiYaWiYe Rf V ZiWh UeVSecW WR W.  

2V r h  
 
 
 
 
 
 
 
 

WaUP-XS 2: 
 

FiQd Whe YROXPe Rf a cRQe ZiWh a UadiXV Rf 24 iQcheV aQd a heighW Rf 10 iQcheV.  
RRXQd WR Whe QeaUeVW hXQdUedWh.

  
 
 
 
 
 
 
 
 
FINDING RELATED RATES 
 
We XVe Whe ________________ UXOe WR _______________ fiQd Whe UaWeV Rf  
 
chaQge Rf WZR RU PRUe UeOaWed YaUiabOeV WhaW aUe chaQgiQg ZiWh UeVSecW WR  
____________. 

I d

dt dt
d fd r htr4 h product rule

dd 2CrId Cr htrd
dd 2rdd htrd

Veltrth
3

247410
3

192014in

chain impicitly

time
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SRPe cRPPRQ fRUPXOaV XVed iQ WhiV VecWiRQ: 
� VROXPe Rf a« 

 
± SSheUe:  ___________________ 

 
± RighW CiUcXOaU C\OiQdeU: ________________ 

  
± RighW CiUcXOaU CRQe: ______________ 

 
± RighW RecWaQgXOaU PUiVP: __________________ 

 
± RighW RecWaQgXOaU P\UaPid: _______________ 

 
� P\WhagRUeaQ TheRUeP:  _______________ 
 
 

 
 
 
GUIDELINES FOR SOLVING RELATED-RATE PROBLEMS 
 

1. AQaO\]e: IdeQWif\ aOO giYen TXaQWiWieV aQd TXaQWiWieV Wo be deWeUmined.  
Make a VkeWch aQd OabeO Whe TXaQWiWieV. 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: WUiWe aQ eTXaWiRQ iQYROYiQg Whe YaUiabOeV ZhRVe 
UaWeV Rf chaQge eiWheU aUe giYeQ RU aUe WR be deWeUPiQed. 

 
3. FiQd Whe ReOaWed RaWe: UViQg Whe Chain RXle, iPSOiciWO\ diffeUeQWiaWe bRWh 

VideV Rf Whe eTXaWiRQ ZiWh UeVSecW Wo Wime W.  
 

4. FiQd DeViUed RaWe: AfWeU cRPSOeWiQg VWeS 3, VXbVWiWXWe iQWR Whe UeVXlWing 
eTXaWion aOO kQRZQ YaOXeV fRU Whe YaUiabOeV aQd WheiU UaWeV Rf chaQge.  TheQ 
VROYe fRU Whe UeTXiUed UaWe Rf chaQge. 

 
5. CRQcOXViRQ: WUiWe \RXU cRQcOXViRQ iQ ZoUdV. 

 
 

45hr3

f Rr't
Tr't

V

zVlwh SA 2lwt2lht2wh

twh
3

a 5 5
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E[aPSOe 1: FiQd Whe UaWe of change of Whe diVWance beWZeeQ Whe RUigiQ aQd a 
moYing SoinW RQ Whe gUaSh Rf ViQ\ [  if 2cP/Vecd[

dt
 . 

 
1. AQaO\]e: 

 
 
 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: 
 
 
 
 
 

3. FiQd ReOaWed RaWe: 
 
 
 
 
 
 
 
 
 

4. FiQd DeViUed RaWe: 
 
 
 
 
 

5. CRQcOXViRQ: 
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E[aPSOe 2: FiQd Whe UaWe of change of Whe YolXme Rf a cRQe if dU/dW iV 2 incheV 
SeU minXWe and h = 3U Zhen U = 6 incheV.  RRXQd WR Whe QeaUeVW hXQdUedWh.  
HRZ iV WhiV SURbOeP diffeUeQW WhaQ Whe ZaUP-XS SURbOeP? 

1. AQaO\]e: 
 
 
 
 
 
 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: 
 
 
 
 

3. FiQd ReOaWed RaWe: 
 
 
 
 
 
 
 
 

4. FiQd DeViUed RaWe: 
 
 
 
 

5. CRQcOXViRQ: 

since
we're

rewriting

IRI VDon't
need

3 the
ddt 2 in1min exactlywhen r 6 and h 3 r 3 6 182

we want to find DI
Tlr434

dt

g
IT r 3

3
IT r

I V d IT r
3

It dt

dV
ft

IT 3 r 5 r

dV
DE 31Tr dedt

dd 3hr2dare dd 31T 6in feminin dd 2161TinImin

The instantaneous rate of change of the volume is 2161Tinches
cubed per minute when the radius is 6 inches
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E[aPSOe 3: AQgOe Rf EOeYaWiRQ.  A fiVh iV UeeOed iQ aW a UaWe Rf 1 fRRW SeU VecRQd 
fURP a SRiQW 10 feeW abRYe Whe ZaWeU.  AW ZhaW UaWe iV Whe aQgOe beWZeeQ Whe OiQe 
aQd Whe ZaWeU chaQgiQg ZheQ WheUe iV a WRWaO Rf 25 feeW Rf OiQe RXW? 

1. AQaO\]e: 
 
 
 
 
 
 
 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: 
 
 
 
 
 

3. FiQd ReOaWed RaWe: 
 
 
 
 
 
 
 

4. FiQd DeViUed RaWe: 
 
 

5. CRQcOXViRQ: 
 
 

y

dd It Ise

µ y
Sino f f

types wewant dd exactlywhen 25 ft

SMO I sin0 I 1fX zX
X a't b C

Tof c og'tb X
b2 Xf 100

i b THE
d Sin 0 d 10X
dt Ot

cos He HELP
AE

coso DOI 10It

daff toC

If
Ise DE gtfo date re 0.02rad

257 veto F 25525 se

f 25

The rate ofchange oftheangle with respect to time when there's
25ft of line is approximately 0 02 radianssecond
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E[aPSOe 4: CRQVideU Whe fROORZiQg ViWXaWiRQ: 

A cRQWaiQeU, iQ Whe VhaSe Rf aQ iQYeUWed UighW ciUcXOaU cRQe, haV a UadiXV Rf 5 
iQcheV aW Whe WRS aQd a heighW Rf 7 iQcheV.  AW Whe iQVWaQW ZheQ Whe ZaWeU iQ Whe 
cRQWaiQeU iV 6 iQcheV deeS, Whe VXUface OeYeO iV faOOiQg aW Whe UaWe Rf -1.3 iQ/V.  
FiQd Whe UaWe aW Zhich Whe ZaWeU iV beiQg dUaiQed. 

1. AQaO\]e: 
 
 
 
 
 
 
 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: 
 
 
 
 

3. FiQd ReOaWed RaWe: 
 
 
 
 
 

4. FiQd DeViUed RaWe: 
 
 

5. CRQcOXViRQ: 
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E[aPSOe 5: ShaQQRQ iV WU\iQg WR haQg heU ChUiVWPaV OighWV. She haV a OaddeU WhaW 
iV 22 feeW ORQg. IW iV OeaQiQg agaiQVW a ZaOO Rf heU hRXVe. SiQce ShaQQRQ did QRW 
VecXUe Whe OaddeU, iW iV PRYiQg aZa\ fURP Whe ZaOO aW a UaWe Rf 1.5 feeW SeU VecRQd. 
HRZ faVW iV Whe WRS Rf Whe OaddeU PRYiQg dRZQ Whe ZaOO ZheQ iWV baVe iV 10 feeW 
fURP Whe ZaOO?  

1. AQaO\]e: 
 
 
 
 
 
 
 

2. ReOaWed VaUiabOeV ETXaWiRQ: 
 
 
 
 
 

3. FiQd ReOaWed RaWe: 
 
 
 
 
 
 
 

4. FiQd DeViUed RaWe: 
 
 
 

5. CRQcOXViRQ: 
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 97 

 

3.1: E[WUema on an InWeUYal 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S UQdeUVWaQd Whe defiQiWiRQ Rf a fXQcWiRQ RQ aQ iQWeUYaO 
S UQdeUVWaQd Whe defiQiWiRQ Rf UeOaWiYe e[WUePa Rf a fXQcWiRQ RQ aQ RSeQ 

iQWeUYaO 
S FiQd e[WUePa RQ a cORVed iQWeUYaO 

WaUm-XS: DeWeUPiQe Whe SRiQW(V) aW Zhich Whe gUaSh Rf � � 22 8 5f [ [ [ � �  

haV a hRUi]RQWaO WaQgeQW. 

 

 

 

 

 

 

EXTREMA OF A FUNCTION 

IQ caOcXOXV, PXch effRUW iV deYRWed WR _______________________ Whe  

behaYiRU Rf a fXQcWiRQ f  RQ aQ _____________________ I . DReV f  haYe a  

___________________ YaOXe RU ____________________ YaOXe RQ I ? WheUe  

iV f  _______________________? WheUe iV f  ___________________? IQ  

WhiV chaSWeU, \RX ZiOO OeaUQ hRZ ______________________ caQ be XVed WR  

aQVZeU WheVe TXeVWiRQV. 

find
the f 27 2125 8 t

y
coordinate

pindth f X 28 8 5
correspond.MG fog 8 1615

zefyff'Cx
4 8 tox't fC7 3

0 41 2

4 or 0 12 2 At L2 3 f has a horizontal

extraneous X Z Itangent
determining

interval inter

Onwhata
maximum minimum

increasing decreasing
differentiation
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DEFINITION OF EXTREMA 

LeW f  be defiQed RQ aQ RSeQ iQWeUYaO I  cRQWaiQiQg c . 

1. � �f c  iV Whe minimXm of f  on I if � � � �f c f [d  fRU aOO [  iQ I . 

2. � �f c  iV Whe ma[imXm of f  on I if � � � �f c f [t  fRU aOO [  iQ I . 

The PiQiPXP aQd Pa[iPXP Rf a fXQcWiRQ RQ aQ iQWeUYaO aUe Whe e[WUeme YalXeV, RU 
e[WUema (Whe ViQgXOaU fRUP Rf e[WUePa iV e[WUePXP), Rf Whe fXQcWiRQ RQ Whe 
iQWeUYaO.  The PiQiPXP aQd Pa[iPXP Rf a fXQcWiRQ RQ aQ iQWeUYaO aUe aOVR caOOed 
Whe abVolXWe minimXm aQd abVolXWe ma[imXm, RU Whe global minimXm aQd global 
ma[imXm, RQ Whe iQWeUYaO. 

 

LeW·V check RXW Whe fXQcWiRQV beORZ. IdeQWif\ Whe Pa[iPXP aQd PiQiPXP Rf each 
fXQcWiRQ. 

a.  

 

 

 

 

 

b.  

 

 

 

maximum absolute Max global MaxrelativeMax
no minimum absolute minimum global

min

The ordered pairs giveyoupossible
locations of extrema the y coordinatesrelative wouldrepresent the possible Max or Minminimum
values

maxis
located

wherethe
absolute

relative
Max

locatedhere

0 ooorelative min
noabsolute locatedhere
minimum



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 99 

 

THEOREM: THE EXTREME VALUE THEOREM 

If f  iV cRQWiQXRXV RQ a cORVed iQWeUYaO > @,a b , WheQ f  haV bRWh a PiQiPXP aQd a 

Pa[iPXP RQ Whe cORVed iQWeUYaO. 

 

 

 

 

 

DEFINITION OF RELATIVE EXTREMA 

1. If WheUe iV aQ RSeQ iQWeUYaO cRQWaiQiQg c  RQ Zhich � �f c  iV a Pa[iPXP, WheQ 

� �f c  iV caOOed a UelaWiYe ma[imXm of f , RU \RX caQ Va\ WhaW f  haV a 

UelaWiYe ma[imXm aW � �� �,c f c . 

2. If WheUe iV aQ RSeQ iQWeUYaO cRQWaiQiQg c  RQ Zhich � �f c  iV a PiQiPXP, WheQ 

� �f c  iV caOOed a UelaWiYe minimXm of f , RU \RX caQ Va\ WhaW f  haV a 

UelaWiYe minimXm aW � �� �,c f c . 

 

E[aPSOe 1: FiQd Whe YaOXe Rf Whe deUiYaWiYe aW Whe e[WUePXP � �0,1 , fRU Whe 

fXQcWiRQ � � cRV
2
[f [ S

  . 

 

 

 

 

oil ydfcd
5 d is a relative max

in the absolute minimum
cfCc

Hc isvi
f a is f o

L I i F I
be a d d b
absolute in
maximum g x 0

9 i
sotyaiofem.name

f 07 0

crunching out
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DEFINITION OF A CRITICAL NUMBER 

LeW f  be defiQed aW c . If � � 0f cc   OR if f  iV QRW diffeUeQWiabOe aW c , WheQ c    

iV a cUiWical nXmbeU. 

E[aPSOe 2: FiQd aQ\ cUiWicaO QXPbeUV Rf Whe fROORZiQg fXQcWiRQV. 

a. � � 22 8 5f [ [ [ � �  
 
 
 
 
 
 
 
 
 
 

b. � � > �2ViQ ViQ ,  0, 2g [ [ [ S �  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Xranaiseredentoover
an
odd

415
x

cusp

v.n.a.si
ionL

c2I

g Cx
2 SMX coff cost

g Cx coSx 2sinx 1

O Cosx 2sinx 1

CosX o or 2sinx 1 0

Smx Iz
x Iz iKI x Io 5

C Iz Cz 3zI cz I6 Cy 5



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 101 

 

c. � � 2

3
4

ts t
t

 
�  

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

THEOREM: RELATIVE EXTREMA OCCUR ONLY AT CRITICAL NUMBERS 

If f  haV a UeOaWiYe PiQiPXP RU UeOaWiYe Pa[iPXP aW [ c , WheQ c  iV a cUiWicaO 
QXPbeU Rf f . 

 

 

 

a fg FcxlglxIHaig

S ft
342 4 zt zt

4k

E 4 2

S Ct
35 12 6ft
E 47

g t
3512 No critical numbers
E 45

At E 4 0 t I2

O 3 12 there are vertical

35 12 asymptotes so these values

E 4 Would be part of asignchart
for testing for T and N

t I Zi intervals

So no critical numbers
from the zeros of the

1st derivative
S is differentiable on its domain
so no critical numbers from that
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GUIDELINES FOR FINDING EXTREMA (AKA ABSOLUTE EXTREMA OR 
GLOBAL EXTREMA) ON A CLOSED INTERVAL 

TR fiQd Whe e[WUePa Rf a cRQWiQXRXV fXQcWiRQ f  RQ a cORVed iQWeUYaO > @,a b , XVe Whe 

fROORZiQg VWeSV. 

1. FiQd Whe cUiWicaO QXPbeUV Rf f  iQ � �,a b . 

2. EYaOXaWe f  aW each cUiWicaO QXPbeU iQ � �,a b . 
3. EYaOXaWe f  aW each eQdSRiQW Rf > @,a b . 
4. The OeaVW Rf WheVe QXPbeUV iV Whe PiQiPXP.  The gUeaWeVW iV Whe 

Pa[iPXP. 

E[aPSOe 3: LRcaWe Whe abVROXWe e[WUePa Rf Whe fROORZiQg fXQcWiRQV fXQcWiRQ RQ Whe 
cORVed iQWeUYaO. 

a. � � > @3cRV ,  ,f [ [ S S �  
1. FiQd cUiWicaO QXPbeUV RQ _______. 

 
 
 
 
 

2. EYaOXaWe ______ = ______. 
 
 

3. EYaOXaWe Whe fXQcWiRQ aW Whe _________________. 
 
 
 

4. CRQcOXViRQ. 

 

 

f x
5

gWtof IT T
f x 35inX

oo 3in IT t

X O

f O 3

f O 3 cos 0 3CD 3

endpoints
5

Costa cost
g fit 3 cosC IT 3COSIT 3C D 3 Sintofsingf IT 3 cos IT 3

Absoluteminimumis3TyAbsolutemaximumist
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b. � � > @,  3,5
2

tg t
t

 
�  

1. FiQd cUiWicaO QXPbeUV RQ _______. 
 
 
 
 
 
 
 
 
 
 
 
 
2. EYaOXaWe ______ = ______. 
 
 
3. EYaOXaWe Whe fXQcWiRQ aW Whe _________________. 
 
 
 
 
 
 
4. CRQcOXViRQ. 

 

 

 

 
 

gCt
5

3,5

g'Ct Cdt
Ct G 27 effect 4

Ct 27 g s t

g Lt 1lt 2
t 2 2

g Lt
t 2

5Lt 27 impossible

gilt O 0 2 no zeros of theistaeri
Inocriticalnumbers

Itnocritical s

g 3 z
endpoints

GLS Zz

Ab emaXi3j
y
att 3 themaxis3

AL emin.SE C553 satt 5 theMaxis
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E[aPSOe 4: A UeWaiOeU haV deWeUPiQed WhaW Whe cRVW C  Rf RUdeUiQg aQd VWRUiQg [ 

XQiWV Rf a SURdXcW iV 
300,0002 ,  1 300.C [ [

[
 � d d  The deOiYeU\ WUXck caQ 

bUiQg aW PRVW 300 XQiWV SeU RUdeU.  

a. FiQd Whe RUdeU Vi]e WhaW ZiOO PiQiPi]e cRVW.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. CRXOd Whe cRVW be decUeaVed if Whe WUXck ZeUe UeSOaced ZiWh RQe WhaW cRXOd 
bUiQg aW PRVW 400 XQiWV? E[SOaiQ. 

 
 
 
 

 

 

 

 

e is an element of

C X 2X t 300000Xi
y I 387 I EXE 300

C X 2 300000
2

C x 2 3000002 SO no critical numbers

X Evaluate endpoints

i J

300000 2X An order size of 300 units will
150000 X minimize cost
TEE x

C N 387 E I E X E 400

387 2 387 t 3 900 2 1549

C 400 21400 300000
Tie 1550

yes 387
units will minimize the cost
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3.2: Rolle·V TheoUem and Whe Mean ValXe TheoUem 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S UQdeUVWaQd aQd XVe RROOe·V TheRUeP 
S UQdeUVWaQd  aQd XVe Whe MeaQ VaOXe TheRUeP 

WaUm-XS: LRcaWe Whe gORbaO e[WUePa Rf Whe fXQcWiRQ � � 3 12f [ [ [ �  RQ Whe 

cORVed iQWeUYaO > @0, 4 . 

 

 

 

 

 

 

 

 

ROLLE·S THEOREM 

The ___________________ VaOXe TheRUeP VWaWeV WhaW a cRQWiQXRXV fXQcWiRQ RQ 

 a cORVed iQWeUYaO ___________ PXVW haYe bRWh a _____________________  

aQd a ________________________. BRWh Rf WheVe YaOXeV, hRZeYeU, caQ RccXU  

aW Whe ______________________. RROOe·V TheRUeP giYeV cRQdiWiRQV WhaW  

gXaUaQWee Whe e[iVWeQce Rf aQ e[WUePe YaOXe iQ Whe ___________________ Rf a  

cORVed iQWeUYaO.  

f x 3 712 5 2 273 1212

O e 3
2 12 5 2 16
2

12 BX 5 o 073 126 0

4 XZ f 4 4
3
1264 16

try x

z Global Minis 16 locatedat 4 16

c 2 Global Maxis 16 locatedat 4 16

2 0,4

Extreme
a b minimum

maximum

endpoints
interior
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THEOREM: ROLLE·S THEOREM 

LeW f  be cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b  aQd diffeUeQWiabOe RQ Whe RSeQ 

iQWeUYaO � �,a b . If � � � �f a f b  WheQ WheUe iV aW OeaVW RQe QXPbeU c  iQ � �,a b VXch 

WhaW � � 0f cc  . 

 

 

 

 

E[aPSOe 1: DeWeUPiQe ZheWheU RROOe·V TheRUeP caQ be aSSOied WR f RQ Whe cORVed 
iQWeUYaO > @,a b . If RROOe·V TheRUeP caQ be aSSOied, fiQd aOO YaOXeV Rf c iQ Whe RSeQ 

iQWeUYaO � �,a b  VXch WhaW � � 0f cc  . 

a. � � > @cRV 2 ,  ,f [ [ S S �  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

gCxgCa
f b

so

wife

fCx
conditions

f f IT cosC zit cos I
g27 0

f t cos 21T I to

It's ah Itis x

so Rome's Theorem applies i

f x O f 4 1 0

Apply
it

f Lx 2 sin 2x

O 251N 2X 21T L 2X L 21T

O Sh 2X T
2X IT 0,1T CF Iz Cz o Cz Iz

X Iz O Iz
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b. � � > @,  4, 4f [ [ �  
 

 

 

 

 

 

 

 

 

THEOREM: THE MEAN VALUE THEOREM (MVT) 

If f  iV cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b , aQd diffeUeQWiabOe RQ Whe RSeQ 

iQWeUYaO � �,a b , WheQ WheUe e[iVWV a QXPbeU c  iQ � �,a b  VXch WhaW  

� � � � � �f b f a
f c

b a
�

c  
�  

 

 

 

 

 

 

 

fCx
s

i j

sx

gig
not

differentiable

yo
I

g.atye.sTheoreM

cannot
be
applied

isntaentfaneeoffurataeroetagehange

rate ofchange

3gecantline

www
TV
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E[aPSOe 2: CRQVideU Whe fXQcWiRQ � �f [ [  RQ Whe cORVed iQWeUYaO fURP > @1,9 . 

a. GUaSh Whe fXQcWiRQ RQ Whe giYeQ iQWeUYaO. 
 

 
 
 
 
 
 
 
 
 
 

b. FiQd aQd gUaSh Whe VecaQW OiQe WhURXgh Whe eQdSRiQWV RQ Whe VaPe cRRUdiQaWe 
SOaQe. 
 
 
 
 
 
 
 

c. FiQd aQd gUaSh aQ\ WaQgeQW OiQeV WR Whe gUaSh Rf f  WhaW aUe SaUaOOeO WR Whe 
VecaQW OiQe. 

 
 

 

 

 

congitions
5

f is continous On 1,9 cog377
fis differentiable Iia ySo the MVT can beapplied L Ill

40 10

s

mga
flb 1,1 is a pointonb a

3 1 thegraph
Msec IT IT

yy 1 141 1

parallel lines have the same slope
f Lx fCb f must use 4,2

b a

2I y 2 14 x 4

IT
4 25
125 2

4
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3.3: IncUeaVing and DecUeaVing FXncWion InWeUYalV and Whe FiUVW DeUiYaWiYe 
TeVW 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S DeWeUPiQe iQWeUYaOV RQ Zhich a fXQcWiRQ iV iQcUeaViQg RU decUeaViQg 

S ASSO\ Whe FiUVW DeUiYaWiYe TeVW WR fiQd UeOaWiYe e[WUePa Rf a fXQcWiRQ 

WaUm-XS: FiQd Whe eTXaWiRQ Rf Whe OiQe WaQgeQW WR Whe fXQcWiRQ � � WaQf [ [  aW  
3
4

[ S
 . 

 

 

 

 

 

 

 

INCREASING AND DECREASING FUNCTION INTERVALS 

A fXQcWiRQ iV ___________________ if, aV [ PRYeV WR Whe UighW, iWV gUaSh PRYeV  

 
XS, aQd iV decUeaViQg if iWV gUaSh PRYeV _________________. A SRViWiYe  

 
deUiYaWiYe iPSOieV WhaW Whe fXQcWiRQ iV _________________ aQd a  

 
____________________ deUiYaWiYe iPSOieV WhaW Whe fXQcWiRQ iV decUeaViQg.  

y y m x Xi m f Lx

f x seEx 513 14 tan 3174 I

5 ET secant y L D 2 x 3The

t 35,44 EIN yti zcx.at

increasing

down

increasing

negative
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0.5

0.5�

10� 10

DEFINITION OF INCREASING AND DECREASING FUNCTIONS 

A fXQcWiRQ f  iV incUeaVing RQ aQ iQWeUYaO if fRU aQ\ WZR QXPbeUV 1[  aQd 2[  iQ Whe 

iQ Whe iQWeUYaO, 1 2[ [�  iPSOieV � � � �1 2f [ f [� . 

A fXQcWiRQ f  iV decUeaVing RQ aQ iQWeUYaO if fRU aQ\ WZR QXPbeUV 1[  aQd 2[  iQ Whe 

iQ Whe iQWeUYaO, 1 2[ [�  iPSOieV � � � �1 2f [ f [! . 

 

THEOREM: TEST FOR INCREASING AND DECREASING FUNCTION 
INTERVALS 

LeW f  be a fXQcWiRQ WhaW iV cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b , aQd 

diffeUeQWiabOe RQ Whe RSeQ iQWeUYaO � �,a b . 

1. If � � 0f [c !  fRU aOO [  iQ � �,a b , WheQ f  iV incUeaVing RQ � �,a b . 

2. If � � 0f [c �  fRU aOO [  iQ � �,a b , WheQ f  iV decUeaVing RQ � �,a b . 

3. If � � 0f [c   fRU aOO [  iQ � �,a b , WheQ f  iV conVWanW RQ � �,a b . 

 

    

 

 

 

 

 

 

l Y
da ca cutfaked

0
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f x 20
I l
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GUIDELINES FOR FINDING INTERVALS ON WHICH A FUNCTION IS 
INCREASING OR DECREASING 

LeW f  be cRQWiQXRXV RQ Whe � �,a b . TR fiQd Whe RSeQ iQWeUYaOV RQ Zhich f  iV 

iQcUeaViQg RU decUeaViQg, XVe Whe fROORZiQg VWeSV.  

1. LRcaWe Whe ____________________ QXPbeUV Rf f  iQ � �,a b , aQd XVe WheVe 

QXPbeUV WR deWeUPiQe WeVW iQWeUYaOV. 
2. DeWeUPiQe Whe VigQ Rf ___________ aW RQe WeVW YaOXe iQ each Rf Whe 

iQWeUYaOV. 
3. UVe Whe WeVW fRU iQcUeaViQg aQd decUeaViQg fXQcWiRQV WR deWeUPiQe ZheWheU 

f  iV iQcUeaViQg RU decUeaViQg RQ each _________________. 

TheVe gXideOiQeV aUe aOVR YaOid if Whe iQWeUYaO � �,a b  iV UeSOaced b\ aQ iQWeUYaO Rf 

Whe fRUP � �,b�f , � �,a f , RU � �,�f f . 

 

 

 

 

 

 

 

 

 

 

 

critical

f x

interval
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E[aPSOe 1: IdeQWif\ Whe RSeQ iQWeUYaOV RQ Zhich Whe fXQcWiRQ iV iQcUeaViQg RU 
decUeaViQg. 

� � 327f [ [ [ �  

a. FiQd Whe cUiWicaO QXPbeUV Rf f . 
 
 
 
 
 
 
 
 
 
 
 
 

b. RXQ Whe WeVW fRU iQcUeaViQg aQd decUeaViQg fXQcWiRQ iQWeUYaOV. 
 
 
 
 
 
 
 
 
 

i. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV decUeaViQg. 
 
 

ii. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV iQcUeaViQg. 
 
 

f is diff on C go
f x 27 3

2

0 27 3
2

3
2 27
2 9

X I3

Cf 3 Cz 3

C o 37 i L 3,3 i d
f 27 3

2
t

L i 1 I l s f 4 a 27 48 LO4 3 O 3 4

f C41 27 4820

f o 27 O o

C o 3 U 3,97

3,3



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 113 

 

E[aPSOe 2: IdeQWif\ Whe RSeQ iQWeUYaOV RQ Zhich Whe fXQcWiRQ iV iQcUeaViQg RU 
decUeaViQg. 

� � 2cRV cRV ,  0 2f [ [ [ [ S � � �  

a. FiQd Whe cUiWicaO QXPbeUV Rf f . 
 
 
 
 
 
 
 
 
 

b. RXQ Whe WeVW fRU iQcUeaViQg aQd decUeaViQg iQWeUYaOV. 
 
 
 
 
 
 
 
 
 
 

i. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV decUeaViQg. 
 
 
 
ii. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV iQcUeaViQg. 

 
 
 

f fix aCcosxY osx IfTf 1 7 2405 3 C sinx f sinx

5 x zsinxcosxts.mx

O sins C 2cosxt l

sinx O or 205 1 0
cos X E

X IT x 513 5 3

COME Ii I t It t't f zsinxcosxtsinx

II II II SIT f'tT4 LTE OE Ez so
3 I or

f 31114 2 EE free FE 70
f 3 1 2C 1 o C 1 LO

f 7474 2 f E E E o

ICO.tt3 UCiT5zITL

IzlT U 5zI2HTc
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THEOREM: THE FIRST DERIVATIVE TEST 

LeW c  be a cUiWicaO QXPbeU Rf a fXQcWiRQ f  WhaW iV cRQWiQXRXV RQ aQ RSeQ iQWeUYaO 
I  cRQWaiQiQg c .  If f  iV diffeUeQWiabOe RQ Whe iQWeUYaO, e[ceSW SRVVibO\ aW c , 
WheQ � �f c  caQ be cOaVVified aV fROORZV: 

1.  If � �f [c  chaQgeV fURP QegaWiYe WR SRViWiYe aW c , WheQ f  haV a UelaWiYe 

minimXm aW � �� �,c f c . 

2.  If � �f [c  chaQgeV fURP SRViWiYe WR QegaWiYe aW c , WheQ f  haV a UelaWiYe 

ma[imXm aW � �� �,c f c . 

3. If � �f [c  iV SRViWiYe RQ bRWh VideV Rf c  RU QegaWiYe RQ bRWh VideV Rf c , WheQ 
� �f c  iV QeiWheU a UeOaWiYe PiQiPXP RU UeOaWiYe Pa[iPXP. 

 

 

 

 

1.  
 
 � � 0f [c �  

          � � 0f [c !  
� � 0f [c �  

 � � 0f [c !  
 
          a        c        b                               a        c        b 
 
  
             � � 0f [c !     � � 0f [c �  
 
 
                                                                         � � 0f [c �  

� � 0f [c !  
      a          c           b                              a            c           b                       
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E[aPSOe 3: CRQVideU Whe fXQcWiRQ � � 2 3 4g [ [ � . 

a. FiQd Whe cUiWicaO QXPbeUV Rf g . 
 
 
 
 
 
 
 

b. RXQ Whe WeVW fRU iQcUeaViQg aQd decUeaViQg iQWeUYaOV. 
 
 
 
 
 
 
 

i. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV decUeaViQg. 
 
 
 
ii. FiQd Whe RSeQ iQWeUYaO(V) RQ Zhich Whe fXQcWiRQ iV iQcUeaViQg. 

 
 
 

c. ASSO\ Whe FiUVW DeUiYaWiYe TeVW. 
i. IdeQWif\ aOO UeOaWiYe PiQiPa. 

 
 

ii. IdeQWif\ aOO UeOaWiYe Pa[iPa. 
 
 

At X O there's acusp so g is notdifferentiable at x ofco7
13

g Lx EgX
0 23113
0 2
Tontradiction so no Cun from zeros ofderivative

Con03 Co d
g x I

i t 3 Tx
L l l l 7

g o s g't 8 z
L O

g 8
3

O

10,071

194
guy IB 4 g o 4

relative minimum of 4 located at co 47

INONET
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E[aPSOe 4: The gUaSh Rf a fXQcWiRQ f iV giYeQ. The VcaOe Rf each a[iV iV fURP         
-10 WR 10. SkeWch a gUaSh Rf Whe deUiYaWiYe Rf f .  

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

IO

iii

T
10
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3.4: ConcaYiW\ and Whe Second DeUiYaWiYe TeVW 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S DeWeUPiQe iQWeUYaOV RQ Zhich a fXQcWiRQ iV cRQcaYe XSZaUd RU cRQcaYe 
dRZQZaUd 

S FiQd aQ\ SRiQWV Rf iQfOecWiRQ Rf Whe gUaSh Rf a fXQcWiRQ 

S ASSO\ Whe SecRQd DeUiYaWiYe TeVW WR fiQd UeOaWiYe e[WUePa Rf a fXQcWiRQ 

WaUm-XS: CRQVideU Whe gUaSh Rf f c  VhRZQ beORZ. The YeUWicaO aQd hRUi]RQWaO 
a[eV haYe a VcaOe Rf -10 WR 10. RRXQd WR Whe QeaUeVW WeQWh aV Qeed ZheQ aQVZeUiQg 
Whe TXeVWiRQV beORZ.       

                                                            

a. IdeQWif\ Whe iQWeUYaO(V) RQ Zhich f  iV 
i. iQcUeaViQg 

 
 
 

ii. decUeaViQg 
 
 
 

b. EVWiPaWe Whe YaOXe(V) Rf [  aW Zhich f  haV a UeOaWiYe 
i. PiQiPXP 

 
 

ii. Pa[iPXP   
 

f x
10

C a 4 oc z.gg
ioy g

C Q 9 UC 4 2 0cg
no

X 9 2

X 4,9
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DEFINITION OF CONCAVITY 

LeW f  be diffeUeQWiabOe RQ aQ RSeQ iQWeUYaO I . The gUaSh Rf f  iV concaYe XSZaUd 
RQ I  if f c  iV iQcUeaViQg RQ Whe iQWeUYaO aQd concaYe doZnZaUd RQ I  if f c  iV 
decUeaViQg RQ Whe iQWeUYaO. 

THEOREM: TEST FOR CONCAVITY 

LeW f  be a fXQcWiRQ ZhRVe VecRQd deUiYaWiYe e[iVWV RQ aQ RSeQ iQWeUYaO I . 

1. If � � 0f [cc !  fRU aOO [  iQ I , WheQ f  iV concaYe XSZaUd RQ I . 

2. If � � 0f [cc �  fRU aOO [  iQ I , WheQ f  iV concaYe doZnZaUd RQ I . 

 

 

 

     

 

 

fCx

x
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E[aPSOe 1: IdeQWif\ Whe RSeQ iQWeUYaOV RQ Zhich Whe fXQcWiRQ iV cRQcaYe XSZaUd RU 
cRQcaYe dRZQZaUd. 

a. 3 23 2\ [ [ � � �  
 
1. FiQd Whe _________ Rf Whe __________ deUiYaWiYe. 

 
 
 
 
 
 
 
 
 

2. RXQ Whe ______________. 
 
 
 
 
 
 
 
 

3. CRQcOXViRQ. 
 
 
 
 
 
 
 
 

y i I 1 3 2 0

Zeros second

y Lx 3
2
64

y G
6 1 6

O 6 6

6x 6
X I

test forconcavity
C o 1 ill g x 6 6

y
L l I i f O 6 O

O I 2
f 2 6 LO

y is concave upward on C O l and concave downward

on 1,00
Point of inflection at

1 ya 1,0
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b. � � > @2 ,  ,
ViQ

f [ [
[

S S � �  

 
1. FiQd Whe _________ Rf Whe __________ deUiYaWiYe. 

 

 
 
 
 
 
 
 
 

2. RXQ Whe ______________. 
 
 
 
 
 
 

3. CRQcOXViRQ. 

 

 
 

DEFINITION OF POINT OF INFLECTION 

LeW f  be a fXQcWiRQ WhaW iV cRQWiQXRXV RQ aQ RSeQ iQWeUYaO aQd OeW c be aQ eOePeQW 

iQ Whe iQWeUYaO. If Whe gUaSh Rf f  haV a WaQgeQW OiQe aW Whe SRiQW � �� �,c f c , WheQ 

WhiV SRiQW iV a SoinW of inflecWion Rf Whe gUaSh Rf f  if Whe cRQcaYiW\ Rf f chaQgeV 
fURP XSZaUd WR dRZQZaUd RU fURP dRZQZaUd WR XSZaUd aW Whe SRiQW. 

I 1
zeros second

f x Xt2cscX

f x 2cscXcotX

g x 2f cscxcotxcotxtcscxlcsfxjfncxy2cscxcotxtcsi.tt f
t o

o zcsoxccotxtc.SE cos2 o

2cscx O or coEXtcsEx O s nz
Tnm cos 3 1

extraneous4s ftestsorconcavtty.us
imtagYnaryfThere's a VA at x o

C IT O f 0,1T
i t 5 Cx 2cscx cofxtcsEx

i 1 I
IT I 0 I 1T always t

z Z

f C E 2CscGTA pros

f is concave downward on C IT 0 2C Csc pos
za LO

and concave upward0h Rio
f Mz zccsc.itz Cpos

zCDCpoS O
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THEOREM: POINTS OF INFLECTION 

If � �� �,c f c  iV a SRiQW Rf iQfOecWiRQ Rf Whe gUaSh Rf f , WheQ eiWheU � � 0f ccc   RU 
f cc  dReV QRW e[iVW aW [ c .  

 
E[aPSOe 2: CRQVideU Whe fXQcWiRQ � � 42 8 3g [ [ [ � � . 

a. DiVcXVV Whe cRQcaYiW\ Rf Whe gUaSh Rf g . 
 

1. FiQd Whe _________ Rf Whe __________ deUiYaWiYe. 
 
 
 
 
 
 
 

2. RXQ Whe ______________. 
 
 
 
 
 

3. CRQcOXViRQ. 
 
 
 
 

b. FiQd aOO SRiQWV Rf iQfOecWiRQ. 
 
 
 
 

C C Domain off

zeros second

g Lx 8 3 8

g Cx 24
2

0 24 2

o X

test forconcavity
C a 07 I co 7 g X 24

t
g C 1 24 l O

L l I 7
g a 24 l O

I O l

fgisconcarewpwardontgoJucopD.gisnevei
concave downward

N0N

There's no change inconcavity at X O
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THEOREM: SECOND DERIVATIVE TEST 

LeW f  be a fXQcWiRQ VXch WhaW � � 0f cc   aQd Whe VecRQd deUiYaWiYe Rf f  e[iVWV RQ 

aQ RSeQ iQWeUYaO cRQWaiQiQg c . 

1. If � � 0f ccc ! , WheQ f  haV a UelaWiYe minimXm aW � �� �,c f c . 

2. If � � 0f ccc � , WheQ f  haV a UelaWiYe ma[imXm aW � �� �,c f c . 

3. If � � 0f ccc  , Whe WeVW FAILS aQd \RX Qeed WR UXQ Whe FIRST DERIVATIVE 

TEST. 

E[aPSOe 3: FiQd aOO UeOaWiYe e[WUePa. UVe Whe SecRQd DeUiYaWiYe TeVW ZheUe 
aSSOicabOe. 

a. � � 3 25 7f [ [ [ [ � �  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f i i 5 Dh 7 l 3
5 737 013135173517173

34327 5 49 9 493
Find C N for f 41

oh 3
Z

O y 3 2 Find f X andevaluateat c c

o X 3 7 I 3 7 f x 3
2
10 7

o 3 7 X t f X 6 10

0 3 7 Or O X I
f i 6 I 10 4 L O

X Z or X fsothereisarelativemaTf
at 1 HD 1,3

C 1 Cz
f 73 26 Fy to 4 O

Isothereisarrelativeminimum fat 73,51731 73,404
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b. � �
1

[f [
[

 
�  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f X
t X i X l

X 1
2

f x
X l X

X 1 2

f x In o I contradiction so no critical S

X 172

g'c j lX

Thereis no critical numbers so there can't be any

relative extrema
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E[aPSOe 4: SkeWch Whe gUaSh Rf a fXQcWiRQ f  haYiQg Whe giYeQ chaUacWeUiVWicV. 

� � � �0 2 0f f  
 

� � 0  if  1f [ [c ! �
 

� �1 0f c  
 

� � 0  if  1f [ [c � !
 

� � 0f [cc �
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0,0 and 2,0 are f X
points on f s

f is 9 on C N l

minor at

pf is tr on

cqng.gg
downward on s

LAY
5

5
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3.5: LimiWV aW InfiniW\ 
WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

� DeWeUPiQe fiQiWe OiPiWV aW iQfiQiW\ 
� DeWeUPiQe Whe hRUi]RQWaO aV\PSWRWeV, if aQ\, Rf Whe gUaSh Rf a fXQcWiRQ 
� DeWeUPiQe iQfiQiWe OiPiWV aW iQfiQiW\ 

WaUP-XS: EYaOXaWe Whe fROORZiQg OiPiWV aQaO\WicaOO\ 

a. 1

3OiP
1[ [�o �  

 

 

 

 

 

 

b. 0

ViQ 3OiP
t

t
to  

 

 

 

 

 
LIMITS AT INFINITY 
ThiV VecWiRQ diVcXVVeV Whe ___________ behaYiRU Rf a fXQcWiRQ RQ aQ 
 
 ____________ iQWeUYaO. 

01 DN

s

I
3

3 l imsinseto 3T

3 l

end

infinite
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DEFINITION OF LIMITS AT INFINITY 
LeW L  be a UeaO QXPbeU. 

1. The VWaWePeQW � �OiP
[

f [ L
of

  PeaQV WhaW fRU each 0H ! WheUe e[iVWV aQ 

0M ! , VXch WhaW � �f [ L H� �  ZheQeYeU .[ M!   

2. The VWaWePeQW � �OiP
[

f [ L
o�f

  PeaQV WhaW fRU each 0H ! WheUe e[iVWV aQ 

0N � , VXch WhaW � �f [ L H� �  ZheQeYeU .[ N�   

 

       

    

 
 
 
DEFINITION OF A HORIZONTAL ASYMPTOTE 
The OiQe \ L  iV a hoUi]onWal aV\mSWoWe Rf Whe gUaSh Rf f  if 

� � � �OiP    RU   OiP
[ [

f [ L f [ L
o�f of

  . 
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THEOREM: LIMITS AT INFINITY 
If r  iV a SRViWiYe UaWiRQaO QXPbeU, WheQ 

 OiP 0r[

c
[of

 .  

FXUWheUPRUe, if r[ iV defiQed ZheQ 0[ � , WheQ 

 OiP 0r[

c
[o�f

 . 

 

DEFINITION OF INFINITE LIMITS AT INFINITY 
LeW f  be a fXQcWiRQ defiQed RQ Whe iQWeUYaO � �,a f . 

1. The VWaWePeQW � �OiP
[

f [
of

 f  PeaQV WhaW fRU each 0M ! WheUe iV a 

cRUUeVSRQdiQg QXPbeU 0N ! , VXch WhaW � �f [ M!  ZheQeYeU .[ N!   

2. The VWaWePeQW � �OiP
[

f [
of

 �f  PeaQV WhaW fRU each 0M � WheUe iV a 

cRUUeVSRQdiQg QXPbeU 0N ! , VXch WhaW � �f [ M�  ZheQeYeU .[ N!   

 

GUIDELINES FOR FINDING LIMITS AT +/- INFINITY 

1. If Whe degUee Rf Whe QXPeUaWRU iV leVV Whan Whe degUee Rf Whe 
deQRPiQaWRU, WheQ Whe OiPiW Rf Whe UaWiRQaO fXQcWiRQ iV _______. 

2. If Whe degUee Rf Whe QXPeUaWRU iV eTXal Wo Whe degUee Rf Whe 
deQRPiQaWRU, WheQ Whe OiPiW Rf Whe UaWiRQaO fXQcWiRQ iV Whe _________ Rf 
Whe OeadiQg ___________________. 

3. If Whe degUee Rf Whe QXPeUaWRU iV gUeaWeU Whan Whe degUee Rf Whe 
deQRPiQaWRU, WheQ Whe OiPiW Rf Whe UaWiRQaO fXQcWiRQ iV SOXV RU PiQXV 
iQfiQiW\, heQce iW dReV QRW ______________. 

 

0

ratio
coefficients

exist
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E[aPSOe 1: FiQd Whe OiPiW. 

a. 
5OiP

3[

[
[o�f

§ ·�¨ ¸
© ¹

 
 

 

 

 

 

 

 

 

 

b. 
2

2

3OiP
2 1[

[
[of

§ ·�
¨ ¸�© ¹

 
 
 
 
 

III E III E
I C x

A DNE

i
c S

r

sins x2t3 an
x A X 3 r
l im 2 22 c
x a X

24biz
eimifhseoatimnfiniM

lim z l im I
A xD A c l r e z

l t O

Z O

A
so the line y Iz is a horizontal asymptote
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c. 
4

3

1OiP
1[

[
[of

�
�
 

 
 
 
 
 

d. 
1OiP cRV

[ [of
 

 

 
 
 

finna FET

feintX3
FEIA T

i fismax EET
Ligi figgIs
TF
Fo
IF
A DNE

cos fish's

Cos O

II
There's a HA at y

I
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e. 2

3 1OiP
[

[
[ [of

� �

�
 

 

 

 
 
 
 
 

f. 2OiP
1[

[
[of �

 
 

 

 

 

 

 

LIFE
dismat3 t ma s

ix

x

t 3to

eism.Eins.tt
I 3

to
I3
T
t

and y 3
There's a HA at y 3

Ix didn't
a final II

O

j O

II
There's a HA at y O
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E[aPSOe 2: SkeWch Whe gUaSh Rf Whe eTXaWiRQ XViQg e[WUePa, iQWeUceSWV, 
V\PPeWU\, aQd aV\PSWRWeV. TheQ XVe a gUaShiQg XWiOiW\ WR YeUif\ \RXU UeVXOW. 

a. � � 2

1
2

f [
[ [

 
� �  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Find extra points
f 3 z 14 fl 3 g z to

15 II n

I I
Findthe CN s 1 I

7 I.ae nwiie.I.i i.k
I 1

fat I
O 2X 1

I 1
y Iz 1 S i

i i a in're c
f s

I f I b fitz O x 2 0 or XH O
I I x z or I

g is Won E 2 0 210 t't D
p s find HA's

fist on L g 1 0Gt E f'll pts LO

It ax
g x

sea I I o

g x 2
2 2 4 214 2 4 1 Findintercepts

x X 2 gigoringignoftadformola x int O z

f x
6
2 6 6

0 1 false1 2 b Yao GT 4 320 NONET
g x _61

2 Xt
no real zeros y int fc

L
F x 273

f fzy
so E o Z

Eiti it ii cos

co.MIL
Ya953 so
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b. � �
2

2
3 1

[h [
[

 
�  

 

 

 

 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

tiscnoonga.in 97Es9eTfiFnt i2
Domain 321 170
C go

y

Intercepts

y int f o
_ZI
ET

O
ilco.IN

QI m

hyuotestqr.E.yinfer.amNoTNEx2 tzimaginary o

yim 2ft h o2211 1 x o iy
Z

r E s.EE EEExtnnor.e asFnTmai

I

II
Ex's c

i T Iii 3 st

3 21 1 h 2 18

213 4 1
2 34 1 3 3 2 1

n D 0 18x x o
3 2 1 C o o 0,0

cz Inc yo
hi'sconcaveup
on C 0,07

O 2 false so no zeros his concave

and everywheredifferentiable
h D p

0 down onCop

so no C N s money
00I Osho LqojT
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3.6: A SXmmaU\ of CXUYe SkeWching 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
� CXUYe VkeWch XViQg PeWhRdV fURP CaOcXOXV 

E[aPSOe 1: SkeWch Whe gUaSh Rf Whe eTXaWiRQ b\ haQd. If a SaUWicXOaU 
chaUacWeUiVWic Rf Whe gUaSh dReV QRW RccXU, ZUiWe ´QRQeµ. 

� � 2 1
[f [

[
 

�  

a. IQWeUceSWV (ZUiWe aV RUdeUed SaiUV) 
 

i. [-iQWeUceSW: ______________ 

 

ii. \-iQWeUceSW: ______________ 
 

 

b. VeUWicaO AV\PSWRWe(V) 

 

 

c. BehaYiRU aW YeUWicaO aV\PSWRWe(V) 

 

 

 

d. HRUi]RQWaO AV\PSWRWe(V) 

 

X int 0 4 1 71 o X

y int f
o

40,077

4902

X't I o xZ i imaginary
NOVEL

N0N

Tina x Lisa ix FIL
I
1 to

O
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e. RXQ Whe WeVW fRU iQcUeaViQg/decUeaViQg iQWeUYaOV 

 

 

 

 

 

 

 

 

 

 

i. f  iV iQcUeaViQg RQ _______________________________ 

 

ii. f  iV decUeaViQg RQ _______________________________ 
 

 

f. FiQd Whe RUdeUed SaiUV ZheUe UeOaWiYe e[WUePa RccXU. 

 

 

 

 

i. ReOaWiYe PiQiPa: ____________________ 

 

ii. ReOaWiYe Pa[iPa: ____________________ 
 
 

f x 11 41 X 2x

x't'T Go i 1,1 d

f x tx2tD L I i 7

O I I I i lo i L

y f't 27 1
po p

to

O I X
g o I 05

x I post pots O
It f 2 f't 2 Lo

C Il

ET
IC qDoci.FI

fl D E
f Cl 3

Kirti
7
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g. TeVW fRU cRQcaYiW\. 

 

 

 

 

 

 

 

 

i. f  iV cRQcaYe XSZaUd RQ _________________________________ 

 

ii. f  iV cRQcaYe dRZQZaUd RQ _______________________________ 

 

h. FiQd Whe SRiQWV Rf iQfOecWiRQ. 

 

 

i. SkeWch Whe gUaSh b\ haQd. 

 

 

 

 

 

 

 

Ben C 4 7 Gif 97 try 7
L B i b i b L

f'lx7 4 f t 25 2 1 4
g EIY tif a 7126 CUD t t 2t'ps

me Iii
T

i
X 173

f x 2
3
6
2

x
2 173

0 2
3 Gx 0 2 2123 2x O or X 3 0 X o or X try

53,03053,07L
C o G U 0,537

I Eti

I

ftp.t.EE
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E[aPSOe 2: SkeWch Whe gUaSh Rf Whe eTXaWiRQ b\ haQd. If a SaUWicXOaU 
chaUacWeUiVWic Rf Whe gUaSh dReV QRW RccXU, ZUiWe ´QRQeµ. 

� �
22 5 5

2
[ [f [
[
� �

 
�  

a. IQWeUceSWV (ZUiWe aV RUdeUed SaiUV) 
 

i. [-iQWeUceSW: ______________ 

 

ii. \-iQWeUceSW: ______________ 
 

 

b. VeUWicaO AV\PSWRWe(V) 

 

 

c. BehaYiRU aW YeUWicaO aV\PSWRWe(V) 

 

 

 

d. HRUi]RQWaO AV\PSWRWe(V) 

 

 

 

 

X int 0 2 2 5 5 y int f o 20 5 9 5

x 5 I 16557 o Z z
4

x 5yF5 imaginary
NONET

Ico E

X 2 0 x2I

Skip

first
ts fins

A 5 to

TNONET To
a
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e. RXQ Whe WeVW fRU iQcUeaViQg/decUeaViQg iQWeUYaOV 

 

 

 

 

 

 

 

 

 

 

i. f  iV iQcUeaViQg RQ _______________________________ 

 

ii. f  iV decUeaViQg RQ _______________________________ 
 

 

f. FiQd Whe RUdeUed SaiUV ZheUe UeOaWiYe e[WUePa RccXU. 

 

 

 

 

i. ReOaWiYe PiQiPa: ____________________ 

 

ii. ReOaWiYe Pa[iPa: ____________________ 
 
 

f x 2
2 552

q 8IIIX Z

f 1 3 4 531 2 2
2 5 571 812564

x 25 4
f 4 2 4

2
13 10 2

2
5 5 z

x 2 C _411 0.78 C 4121 3,22

t i stop so

0 2
2 8 5 5 CD

p
LO

8 IX5T
Ty

f'L37 LO
C 0,078 U 3.22

f 4 0

078,2 V 2.3.22

f 078 1.90

f 3 22 7.90

322,7907

11078,19072



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 138 

 

g. TeVW fRU cRQcaYiW\. 

 

 

 

 

 

 

 

 

i. f  iV cRQcaYe XSZaUd RQ _________________________________ 

 

ii. f  iV cRQcaYe dRZQZaUd RQ _______________________________ 

 

h. FiQd Whe SRiQWV Rf iQfOecWiRQ. 

 

 

 

i. SkeWch Whe gUaSh b\ haQd. 

 

 

 

 

 

 

f 1 7 2 2 8 5
x 272

I

f 1 3 14 874,221,4258 5712 CD
fo 2 2,0

f x ttx l6 xt16 4x tl6 x 10 t
L l I i 7X 273 o z 3

f x 6 f O LO
x 2

3

5 33 9 20
0 6 false

2,0

C a 2

INONET since atx z theresaVA

fCx
10 1µFI

1 i
obliqueasymptote 3 i

2x it
X 2722 75 75 it

21T 4k µ no e l tox
7 5 j I

C x 2 IA
y 2x 1 ik no I
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E[aPSOe 3: SkeWch Whe gUaSh Rf Whe eTXaWiRQ b\ haQd. If a SaUWicXOaU 
chaUacWeUiVWic Rf Whe gUaSh dReV QRW RccXU, ZUiWe ´QRQeµ. 

� � � �2/33 1f [ [ �  

a. IQWeUceSWV (ZUiWe aV RUdeUed SaiUV) 
 

i. [-iQWeUceSW: ______________ 

 

ii. \-iQWeUceSW: ______________ 
 

 

b. VeUWicaO AV\PSWRWe(V) 

 

 

c. BehaYiRU aW YeUWicaO aV\PSWRWe(V) 

 

 

 

d. HRUi]RQWaO AV\PSWRWe(V) 
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e. RXQ Whe WeVW fRU iQcUeaViQg/decUeaViQg iQWeUYaOV 

 

 

 

 

 

 

 

 

 

 

i. f  iV iQcUeaViQg RQ _______________________________ 

 

ii. f  iV decUeaViQg RQ _______________________________ 
 

 

f. FiQd Whe RUdeUed SaiUV ZheUe UeOaWiYe e[WUePa RccXU. 

 

 

 

 

 

i. ReOaWiYe PiQiPa: ____________________ 

 

ii. ReOaWiYe Pa[iPa: ____________________ 
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g. TeVW fRU cRQcaYiW\. 

 

 

 

 

 

 

 

 

i. f  iV cRQcaYe XSZaUd RQ _________________________________ 

 

ii. f  iV cRQcaYe dRZQZaUd RQ _______________________________ 

 

h. FiQd Whe SRiQWV Rf iQfOecWiRQ. 

 

 

 

i. SkeWch Whe gUaSh b\ haQd. 
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E[aPSOe 4: SkeWch Whe gUaSh Rf Whe eTXaWiRQ b\ haQd. If a SaUWicXOaU 
chaUacWeUiVWic Rf Whe gUaSh dReV QRW RccXU, ZUiWe ´QRQeµ. 

� � > @2cRV ,  0,2f [ [ [ S � �  

a. IQWeUceSWV (ZUiWe aV RUdeUed SaiUV) 
 

i. [-iQWeUceSW: ______________ 

 

ii. \-iQWeUceSW: ______________ 
 

 

b. VeUWicaO AV\PSWRWe(V) 

 

 

c. BehaYiRU aW YeUWicaO aV\PSWRWe(V) 

 

 

 

d. HRUi]RQWaO AV\PSWRWe(V) 
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e. RXQ Whe WeVW fRU iQcUeaViQg/decUeaViQg iQWeUYaOV 

 

 

 

 

 

 

 

 

 

 

i. f  iV iQcUeaViQg RQ _______________________________ 

 

ii. f  iV decUeaViQg RQ _______________________________ 
 

 

f. FiQd Whe RUdeUed SaiUV ZheUe UeOaWiYe e[WUePa RccXU. 

 

 

 

 

i. ReOaWiYe PiQiPa: ____________________ 

 

ii. ReOaWiYe Pa[iPa: ____________________ 
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g. TeVW fRU cRQcaYiW\. 

 

 

 

 

 

 

 

 

i. f  iV cRQcaYe XSZaUd RQ _________________________________ 

 

ii. f  iV cRQcaYe dRZQZaUd RQ _______________________________ 

 

h. FiQd Whe SRiQWV Rf iQfOecWiRQ. 

 

 

 

i. SkeWch Whe gUaSh b\ haQd. 
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3.7: OSWimi]aWion E[amSleV 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S SROYe aSSOied PiQiPXP aQd Pa[iPXP SURbOePV 
 

 

GXideOiQeV fRU SROYiQg ASSOied MiQiPXP aQd Ma[iPXP PURbOePV 

1. Anal\]e: IdeQWif\ aOO giYeQ TXaQWiWieV aQd aOO TXaQWiWieV WR be 
deWeUPiQed.  MAKE A SKETCH!!! 

 
2. WUiWe a SUimaU\ eTXaWion fRU Whe TXaQWiW\ WhaW iV WR be 

Pa[iPi]ed RU PiQiPi]ed. 
 
3. RedXce Whe SUimaU\ eTXaWion WR RQe haYiQg a ViQgOe iQdeSeQdeQW 

YaUiabOe.  YRX Pa\ Qeed WR XVe VecRQdaU\ eTXaWiRQV UeOaWiQg Whe 
iQdeSeQdeQW YaUiabOeV Rf Whe SUiPaU\ eTXaWiRQ. 

 
4. DeWeUPiQe Whe feaVible domain Rf Whe SUiPaU\ eTXaWiRQ. 
 
5. OSWimi]e (FiQd ]eURV Rf Whe cUiWicaO QXPbeUV) 
 
6. VeUif\ (UVe fiUVW RU VecRQd deUiYaWiYe WeVW) 
 
7. FiQd aOO Pa[iPXP RU PiQiPXP YaOXeV b\ back VXbVWiWXWiRQ. 
 
8. SWaWe \RXU conclXVion iQ ZRUdV (DReV \RXU cRQcOXViRQ Pake VeQVe). 
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1. FiQd WZR SRViWiYe QXPbeUV WhaW VaWiVf\ Whe fROORZiQg UeTXiUePeQWV: 
The VXP Rf Whe fiUVW QXPbeU VTXaUed aQd Whe VecRQd iV 27 aQd Whe 
SURdXcW iV a Pa[iPXP. 

 

Anal\]e: _________________________ 

 

  ________________________ 

 

 

PUimaU\ ETXaWion: __________________   FeaVible Domain:  

 

 

 

RedXce Wo 1 YaUiable: _______________ 
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OSWimi]e and VeUif\: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ConclXVion: 
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2. A ZRPaQ haV WZR dRgV WhaW dR QRW geW aORQg.  She haV a WheRU\ WhaW if Whe\ 
aUe hRXVed iQ keQQeOV UighW Qe[W WR each RWheU, Whe\·OO geW XVed WR each 
RWheU.  She haV 200 feeW Rf feQciQg ZiWh Zhich WR eQcORVe WZR adjaceQW 
UecWaQgXOaU keQQeOV.  WhaW diPeQViRQV VhRXOd be XVed VR WhaW Whe eQcORVed 
aUea ZiOO be a Pa[iPXP? 

 

Anal\]e:  

 

   

 

 

PUimaU\ ETXaWion: __________________   FeaVible Domain:  

 

 

 

RedXce Wo 1 YaUiable: _______________ 
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OSWimi]e and VeUif\: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ConclXVion: 
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[

\

5

5

-5

-5

3. A UecWaQgOe iV bRXQded b\ Whe [-a[iV aQd Whe VePi-ciUcOe 225\ [ � . WhaW 
OeQgWh aQd ZidWh VhRXOd Whe UecWaQgOe haYe VR WhaW iWV aUea iV a Pa[iPXP?  

 
Anal\]e:      PUimaU\ ETXaWion: ____________     

      RedXce Wo 1 YaUiable: _______________ 

 FeaVible Domain: 

 

 

 

OSWimi]e and VeUif\:    

 

 

 

 

 

 

 

 

 

ConclXVion: 
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4. The US PRVW Office ZiOO acceSW UecWaQgXOaU bR[eV RQO\ if Whe VXP Rf Whe 
OeQgWh aQd giUWh (WZice Whe ZidWh SOXV WZice Whe heighW) iV aW PRVW 72 iQcheV. 
WhaW aUe Whe diPeQViRQV Rf Whe bR[ Rf Pa[iPXP YROXPe Whe PRVW Office ZiOO 
acceSW? (YRX Pa\ aVVXPe WhaW Whe ZidWh aQd heighW aUe eTXaO.) 

 

Anal\]e:  

 

   

 

 

PUimaU\ ETXaWion: __________________   FeaVible Domain:  

 

 

 

RedXce Wo 1 YaUiable: _______________ 
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OSWimi]e and VeUif\: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ConclXVion: 
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3.9: DiffeUenWialV 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S UQdeUVWaQd Whe cRQceSW Rf a WaQgeQW OiQe aSSUR[iPaWiRQ 
S CRPSaUe Whe YaOXe Rf Whe diffeUeQWiaO, d\, ZiWh Whe acWXaO chaQge iQ \, '\. 
S EVWiPaWe a SURSagaWed eUURU XViQg a diffeUeQWiaO. 
S FiQd Whe diffeUeQWiaO Rf a fXQcWiRQ XViQg diffeUeQWiaWiRQ fRUPXOaV. 

 
LeW f be a fXQcWiRQ WhaW iV __________________ aW c. The eTXaWiRQ fRU Whe 
WaQgeQW OiQe aW SRiQW (c, f(c)) iV: 

__________________________   RU   __________________________ 

We caOO WhiV Whe WangenW line aSSUo[imaWion (RU OiQeaU aSSUR[iPaWiRQ) of f aW c.  

E[aPSOe 1.  FiQd a WaQgeQW OiQe aSSUR[iPaWiRQ T([) WR Whe gUaSh ݂ሺݔሻ ൌ  .(ଶ, aW ሺ2,4ݔ

 

 

UVe a gUaShiQg caOcXOaWRU WR cRPSOeWe Whe chaUW beORZ: 

[ 1.9 1.99 2 2.01 2.1 

� � 2f [ [        

 
� � ____________T [    

     

 

SR aW YaOXeV _________ _________ WR ______, _______ SURYideV a gRRd  
 
_________________ Rf _______. 
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[

\

5

5

-5

-5

     WheQ Whe WaQgeQW OiQe WR Whe gUaSh Rf f aW Whe SRiQW (c,f(c)) 

ݕ ൌ ݂ሺܿሻ  ݂′ሺܿሻሺݔ െ ܿሻ 

iV XVed WR aSSUR[iPaWe Whe gUaSh Rf f, ([ ² c) iV caOOed Whe cKaQge LQ 
[, aQd iV deQRWed b\ ∆ݔ. WheQ  ∆ݔ iV VPaOO, Whe chaQge iQ \ (RU ∆ݕ) caQ 
be aSSUR[iPaWed b\: 

ݕ∆ ൌ ݂ሺܿ  ሻݔ∆ െ ݂ሺܿሻ 

We deQRWe  ∆ݔ, aV d[ aQd caOO d[ Whe diffeUenWial of [. The 
e[SUeVViRQ ݂ᇱሺݔሻ݀ݔ iV deQRWed d\ aQd iV caOOed Whe diffeUenWial of \. 

 

 

 

 

E[aPSOe 2.   LeW f([) = 6 ² 2[2  

CRPSaUe ∆ݕ aQd d\ aW [ = -2 aQd                                                                          
ݔ∆ ൌ ݔ݀ ൌ 0.1. 
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EUURU PURSagaWiRQ 

 

 

CaOcXOaWiQg DiffeUeQWiaOV: 

  

E[aPSOe 3: FiQd Whe diffeUeQWiaOV 

      DeUiYaWiYe   DiffeUeQWiaO 

ݕ .1 ൌ  ଶݔ
 
  

ݕ .2 ൌ  ݔ√

 

ݕ .3 ൌ െ2ܿݔݏ 

 

ݕ .4 ൌ 1√ݔ െ  ଶݔ
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E[aPSOe 4. The PeaVXUePeQWV Rf Whe baVe aQd aOWiWXde Rf a WUiaQgOe aUe fRXQd WR 
be 36 aQd 50 ceQWiPeWeUV, UeVSecWiYeO\. The SRVVibOe eUURU iQ each PeaVXUePeQW 
iV 0.25 ceQWiPeWeU. UVe diffeUeQWiaOV WR aSSUR[iPaWe Whe SRVVibOe SURSagaWed 
eUURU iQ cRPSXWiQg Whe aUea Rf Whe WUiaQgOe. 
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E[aPSOe 5. A VXUYe\RU VWaQdiQg 50 feeW fURP Whe baVe Rf a OaUge WUee PeaVXUeV 
Whe aQgOe Rf eOeYaWiRQ WR Whe WRS Rf Whe WUee aV 71.5�. HRZ accXUaWeO\ PXVW Whe 
aQgOe be PeaVXUed if Whe SeUceQW eUURU iQ eVWiPaWiQg Whe heighW Rf Whe WUee iV WR 
be OeVV WhaQ 6%? 
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DiffeUeQWiaOV caQ be XVed WR aSSUR[iPaWe fXQcWiRQ YaOXeV. TR dR WhiV, Ze XVe Whe 
fRUPXOa: 

 

   ݂ሺݔ  ሻݔ∆ ൎ ݂ሺݔሻ  ݕ݀ ൌ ݂ሺݔሻ  ݂ᇱሺݔሻ݀ݔ 

 

E[aPSOe 6: UVe diffeUeQWiaOV WR aSSUR[iPaWe Whe fROORZiQg: 

a. √28య         
 
 
 
 
 
 
 
 
 
 
 

b.  sin ሺ0.1ሻ 
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4.1: AnWideUiYaWiYeV 
WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

� WUiWe Whe geQeUaO VROXWiRQ Rf a diffeUeQWiaO eTXaWiRQ 
� UVe iQdefiQiWe iQWegUaO QRWaWiRQ fRU aQWideUiYaWiYeV 
� UVe baVic iQWegUaWiRQ UXOeV WR fiQd aQWideUiYaWiYeV 
� FiQd a SaUWicXOaU VROXWiRQ Rf a diffeUeQWiaO eTXaWiRQ  

WaUP-XS: FRU each deUiYaWiYe, deVcUibe aQ RUigiQaO fXQcWiRQ F .  

a. � � 2F [ [c   

 

 

b. � � 3F [ [c   

 

 

c. � � 2

1F [
[

c   

d. � � 2VecF [ [c   

 

 

e. � � ViQF [ [c   

 

 

f. � � 6F [c   

 
DEFINITION OF ANTIDERIVATIVE 
A fXQcWiRQ F  iV aQ anWideUiYaWiYe Rf f  RQ aQ iQWeUYaO I  if � � � �F [ f [c   fRU aOO 
[  iQ I . 
 
 
Wh\ iV F  caOOed an aQWideUiYaWiYe Rf f , UaWheU WhaQ Whe aQWideUiYaWiYe Rf f ? 
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THEOREM: REPRESENTATION OF ANTIDERIVATIVES 
If F  iV aQ aQWideUiYaWiYe Rf f  RQ aQ iQWeUYaO  I , WheQ G  iV aQ aQWideUiYaWiYe Rf f  
RQ Whe iQWeUYaO I  if aQd RQO\ if G  iV Rf Whe fRUP � � � �G [ F [ C � , fRU aOO [  iQ I  
ZheUe C  iV a cRQVWaQW. 
 
NOTATION: 
 
 
 
 
 

E[aPSOe 1: VeUif\ Whe VWaWePeQW b\ VhRZiQg WhaW Whe deUiYaWiYe Rf Whe UighW Vide 
eTXaOV Whe iQWegUaQd Rf Whe OefW Vide. 

3 4
2

1 18 2
2 2

[ d[ [ C
[ [

§ ·�  � �¨ ¸
© ¹³  

 

 

 

 
 

E[aPSOe 2: FiQd Whe geQeUaO VROXWiRQ Rf Whe diffeUeQWiaO eTXaWiRQ. 

a. 32d\ [
d[

�  

 

b. 
dr
d

S
T
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BASIC INTEGRATION RULES 
 
DiffeUeQWiaWiRQ FRUPXOa IQWegUaWiRQ FRUPXOa 

> @d C
d[

  0d[  ³  

> @d k[
d[

  kd[  ³  

� �d kf [
d[

 ª º¬ ¼  � �kf [ d[  ³  

� � � �d f [ g [
d[

r  ª º¬ ¼  � � � �f [ g [ d[r  ª º¬ ¼³  
 
 

nd [
d[

ª º  ¬ ¼  
n[ d[  ³  

> @ViQd [
d[

  cRV [d[  ³  

> @cRVd [
d[

  ViQ [d[  ³  

> @WaQd [
d[

 
 

2Vec [d[  ³  

> @Vecd [
d[

 
 

Vec WaQ[ [d[  ³  

> @cRWd [
d[

 
 

2cVc [d[  ³  

> @cVcd [
d[

 
 

cVc cRW[ [d[  ³  
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E[aPSOe 3: FiQd Whe iQdefiQiWe iQWegUaO aQd check Whe UeVXOW b\ diffeUeQWiaWiRQ. 

a. � �16 [ d[�³  

 

 

 

 

 

 

 

b. 
5 3 2[ [d[

[
�

³  
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c. � �33 4[ d[�³  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d. � �1 u udu�³  
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e. � �Vec WaQ Vect t t dt�³  

 

 

 

 

 

 

 

 

 

 

 

f. � �24 cVc dT T T�³  

 

 

 

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 165 

 

g. 
1

1 ViQ
d[
[�³  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
INITIAL CONDITIONS AND PARTICULAR SOLUTIONS 
YRX haYe aOUead\ VeeQ WhaW Whe eTXaWiRQ � �\ f [ d[ ³  haV ________________  
 
VROXWiRQV, each diffeUiQg fURP each RWheU b\ a _______________________.   
 
ThiV PeaQV WhaW Whe gUaShV Rf aQ\ WZR ________________________ Rf f  aUe  
 
________________________ WUaQVOaWiRQV Rf each RWheU.  
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IQ PaQ\ aSSOicaWiRQV Rf iQWegUaWiRQ, \RX aUe giYeQ eQRXgh iQfRUPaWiRQ WR deWeUPiQe  
 
a __________________________ VROXWiRQ. TR dR WhiV, \RX Qeed RQO\ kQRZ Whe  
 
YaOXe Rf � �\ F [  fRU RQe YaOXe Rf [ . ThiV iQfRUPaWiRQ iV caOOed aQ  
 
___________________________ cRQdiWiRQ. 

HRZ dR Whe fROORZiQg diffeU? 

2[   YeUVXV 2\ [  

HRZ abRXW: 

2\ [   YeUVXV 
2d\ [

d[
  

 

E[aPSOe 4: SROYe Whe diffeUeQWiaO eTXaWiRQ. 

a. � � � �26 ,   0 1g [ [ gc   �  
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b. � � � � � �ViQ ,   0 1,    0 6f [ [ f fcc c    
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4.2: AUea 
 
WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

� UVe SigPa NRWaWiRQ WR WUiWe aQd eYaOXaWe a SXP 
� UQdeUVWaQd Whe CRQceSW Rf AUea 
� ASSUR[iPaWe Whe AUea Rf a POaQe RegiRQ 
� FiQd Whe AUea Rf a POaQe RegiRQ UViQg LiPiWV 

WaUP-XS: EYaOXaWe Whe fROORZiQg OiPiWV.  

a. 
2

2

25 5 3OiP
[

[ [
[of

� �
 

 

 

b. 

3 2

3

2 6OiP 10
3[

[ [
[of

§ ·�
�¨ ¸

© ¹
 

 

 

 

 
SIGMA NOTATION 

The VXP Rf n  WeUPV 1, , na a!  iV ZUiWWeQ aV 1 2 3
1

n

i n
i

a a a a a
 

 � � � �¦ "  ZheUe i  iV Whe 

inde[ of VXmmaWion, ia  iV Whe iWh WeUm Rf Whe VXP, aQd Whe XSSeU and loZeU 
boXndV of VXmmaWion aUe n  aQd 1. 

E[aPSOe 1: FiQd Whe VXP. 

a. 

5

1i
i

 
¦  

 

b. 

4
2

1i
i

 
¦  

 
 

c. 

3

1i
i

 
¦  
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SXPPaWiRQ PURSeUWieV 

1. 
1 1

n n

i i
i i

ka k a
  

 ¦ ¦     2. � �
1 1 1

n n n

i i i i
i i i

a b a b
   

r  r¦ ¦ ¦  

E[aPSOe 2: FiQd Whe VXP. 

a. 
4

1
2

i 
¦  b. � �

3
2

1
1

i
i

 

�¦  

 
 
 
 
 
TheRUeP:  SXPPaWiRQ FRUPXOaV (TheVe fRUPXOaV ZiOO be SURYided fRU Whe e[aP) 

1. 
1

n

i
c cn

 

 ¦      2. 
� �

1

1
2

n

i

n n
i

 

�
 ¦  

3. 
� �� �2

1

1 2 1
6

n

i

n n n
i

 

� �
 ¦   4. 

� �22
3

1

1
4

n

i

n n
i

 

�
 ¦  

E[aPSOe 3: EYaOXaWe Whe fROORZiQg VXPV. 

1. � �2

1
3

n

i
i i

 

�¦  

 
2. 

� �3

1
6 4

n

i
i i

 

�¦
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AUea 
IQ EXcOideaQ geRPeWU\, Whe ViPSOeVW W\Se Rf SOaQe UegiRQ iV a _______________. 
The defiQiWiRQ fRU Whe aUea Rf a UecWaQgOe iV _________.FURP WhiV defiQiWiRQ, \RX 
caQ deYeORS fRUPXOaV fRU Whe aUeaV Rf PaQ\ RWheU SOaQe UegiRQV VXch aV WUiaQgOeV. 
TR deWeUPiQe Whe aUea Rf a WUiaQgOe, \RX caQ fRUP a ________________ ZhRVe 
aUea iV ____________ WhaW Rf Whe _________________. OQce \RX kQRZ hRZ WR 
fiQd Whe aUea Rf a WUiaQgOe, \RX caQ deWeUPiQe Whe aUea Rf aQ\ ______________ 
b\ VXbdiYidiQg Whe SRO\gRQ iQWR ________________ UegiRQV. 
 
 
 
 
 
 
 
 
FiQdiQg Whe aUeaV Rf UegiRQV RWheU WhaQ SRO\gRQV iV PRUe difficXOW. The aQcieQW 
GUeekV ZeUe abOe WR deWeUPiQe fRUPXOaV fRU Whe aUeaV Rf VRPe geQeUaO UegiRQV b\ 
Whe _______________ PeWhRd. EVVeQWiaOO\, Whe PeWhRd iV a _______________ 
SURceVV iQ Zhich Whe aUea iV ___________________ beWZeeQ WZR SRO\gRQV³RQe 
_________________ iQ Whe UegiRQ aQd RQe ______________________ abRXW 
Whe UegiRQ.  
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TheRUeP:  LiPiWV Rf Whe LRZeU aQd USSeU SXPV 

LeW f  be cRQWiQXRXV aQd QRQQegaWiYe RQ Whe iQWeUYaO > @,a b .  The OiPiWV 

aV nof  Rf bRWh Whe ORZeU aQd XSSeU VXPV e[iVW aQd aUe eTXaO WR 
each RWheU.  ThaW iV, 

                       

� � � �

� �

� �

1

1

OiP OiP

OiP

OiP

n

in n i
n

in i

n

s n f m [

f M [

S n

of of
 

of
 

of

 '

 '

 

¦

¦  

ZheUe 
b a[
n
�

'   aQd � �if m  aQd � �if M  aUe Whe PiQiPXP aQd 

Pa[iPXP YaOXeV Rf f  RQ Whe VXbiQWeUYaO. 
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E[aPSOe 4:  

a. FiQd Whe XSSeU VXP fURP 
2 WR 6.[ [   

 

b. FiQd Whe ORZeU VXP fURP 
2 WR 6.[ [   

 

 

 

 

 

 

 

 

 

 

 

 

5

4

3

2

1

2 4 6

,: (6.00, 0.99)
+: (5.50, 2.75)
*: (5.00, 4.00)
): (4.49, 4.75)
(: (4.00, 5.00)
': (3.50, 4.75)
&: (3.00, 4.00)
%: (2.50, 2.75)
$: (2.00, 1.00)

I [� �   5- [-4� �2

&

,

*

(
'

)

+

$

%

5

4

3

2

1

2 4 6

,: (6.00, 0.99)
+: (5.50, 2.75)
*: (5.00, 4.00)
): (4.49, 4.75)
(: (4.00, 5.00)
': (3.50, 4.75)
&: (3.00, 4.00)
%: (2.50, 2.75)
$: (2.00, 1.00)

I [� �   5- [-4� �2

&

,

*

(
'

)

+

$

%
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DefiniWion of an AUea in Whe Plane 

LeW f  be cRQWiQXRXV aQd QRQQegaWiYe RQ Whe iQWeUYaO > @,a b .  The aUea Rf Whe UegiRQ 

bRXQded b\ Whe gUaSh Rf f , Whe [-a[iV, aQd Whe YeUWicaO OiQeV [ a  aQd [ b  iV  

AUea � � 1
1

OiP ,       
n

i i i in i
f c [ [ c [�of

 

 ' d d¦           ZheUe b a[
n
�

'  ,  

UighW eQdSRiQW: ic a i [ � ' , OefW eQdSRiQW: � �1ic a i [ � � '  

E[aPSOe 5: FiQd Whe aUea Rf Whe UegiRQ bRXQded b\ Whe gUaSh � � 3f [ [ , Whe [-a[iV, 

aQd Whe YeUWicaO OiQeV 0[   aQd 1[  . 
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4.3: Riemann SXmV and DefiniWe InWegUalV 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S UQdeUVWaQd Whe defiQiWiRQ Rf a RiePaQQ VXP. 
S EYaOXaWe a defiQiWe iQWegUaO XViQg OiPiWV. 
S EYaOXaWe a defiQiWe iQWegUaO XViQg SURSeUWieV Rf defiQiWe iQWegUaOV. 

1

n

i
c nc

 

 ¦      
� �

1

1
2

n

i

n n
i

 

�
 ¦  

� � � �2

1

1 2 1
6

n

i

n n n
i

 

� �
 ¦   

� �22
3

1

1
4

n

i

n n
i

 

�
 ¦  

1. EYaOXaWe � �
1

OiP
n

i in i
f c [

of
 

'¦  RYeU Whe UegiRQ bRXQded b\ Whe gUaShV Rf 

� � 3 ,  0,  0,  1.f [ [ \ [ [     HiQW: LeW 
3

3i
ic n  aQd UecaOO WhaW Whe 

ZidWh Rf each iQWeUYaO iV 
� �33

3 3

1
i

ii[
n n

�
'  � . 
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____________ iV caOOed Whe ____________ Rf ____________, Whe ZidWh Rf  
 
Whe OaUgeVW VXbiQWeUYaO. AV __________________, ______________. 
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2. EYaOXaWe Whe defiQiWe iQWegUaO b\ Whe OiPiW defiQiWiRQ. 

� �
6

2

1

2 1[ d[�³  
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TheoUem 4.4 ConWinXiW\ ImSlieV InWegUabiliW\ 

If a fXQcWiRQ ݂ iV ___________________ RQ Whe cORVed iQWeUYaO ______, WheQ  

 ݂ iV ______________ RQ [a,b]. ThaW iV ____________ e[iVWV. 

 

 

 

3. WUiWe Whe OiPiW aV a defiQiWe iQWegUaO RQ Whe iQWeUYaO > @,a b  ZheUe ic  iV aQ\ 
SRiQW RQ Whe LWh iQWeUYaO. 

a. � � > @
0 1

OiP 8 15 ,     2,6
n

i i
i

c [
' o

 

� '¦  

 

 

 

b. > @2

0 1
OiP 5 2 ,     0,12

n

i i i
i

c c [
' o

 

� '¦  
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4. SkeWch Whe UegiRQ ZhRVe aUea iV giYeQ b\ Whe defiQiWe iQWegUaO. TheQ XVe a 
geRPeWUic fRUPXOa WR eYaOXaWe Whe iQWegUaO. 

a. 

3

0

3[d[³  

 

 

 

 

 

 

 

b. 

4
2

4

16 [ d[
�

�³  
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5. GiYeQ � �
3

0

4f [ d[  ³  aQd � �
6

3

1,f [ d[  �³  eYaOXaWe 

a. � �
6

0

f [ d[³  

 

 

 

b. � �
3

6

f [ d[³  

 

 

 

c. � �
3

3

f [ d[³  
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4.4: The FXndamenWal TheoUem of CalcXlXV 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S EYaOXaWe a defiQiWe iQWegUaO XViQg Whe FXQdaPeQWaO TheRUeP Rf CaOcXOXV. 
S UQdeUVWaQd aQd XVe Whe MeaQ VaOXe TheRUeP fRU IQWegUaOV. 
S FiQd Whe aYeUage YaOXe Rf a fXQcWiRQ RYeU a cORVed iQWeUYaO. 
S UQdeUVWaQd aQd XVe Whe SecRQd FXQdaPeQWaO TheRUeP Rf CaOcXOXV. 
S UQdeUVWaQd aQd XVe Whe NeW ChaQge TheRUeP. 

 

TheRUeP:  The FXQdaPeQWaO TheRUeP Rf CaOcXOXV 

If a fXQcWiRQ f  iV cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b  aQd F  iV aQ 

aQWideUiYaWiYe Rf f  RQ Whe iQWeUYaO > @,a b  , WheQ 

                
� � � � � �

b

a

f [ d[ F b F a �³  
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GXideOiQeV fRU UViQg Whe FXQdaPeQWaO TheRUeP Rf CaOcXOXV 

1. PURYided \RX caQ fiQd aQ aQWideUiYaWiYe Rf f , \RX QRZ haYe a Za\ 
WR eYaOXaWe a defiQiWe iQWegUaO ZiWhRXW haYiQg WR XVe Whe OiPiW Rf a 
VXP. 

2. WheQ aSSO\iQg Whe FXQdaPeQWaO TheRUeP Rf CaOcXOXV, Whe 
fROORZiQg QRWaWiRQ iV cRQYeQieQW: 

         
� � � �

� � � �

b
[ b

[ a
a

f [ d[ F [

F b F a

 

 
 

 �

³
    

3. IW iV QRW QeceVVaU\ WR iQcOXde a cRQVWaQW Rf iQWegUaWiRQ C  iQ Whe 
aQWideUiYaWiYe becaXVe  

                   

� � � �

� � � �
� � � �

b
[ b

[ a
a

f [ d[ F [ C

F b C F a C

F b F a

 

 
ª �¬

 � � �ª º ª º¬ ¼ ¬ ¼
 �

³

 

HeOSfXO hiQWV: 

RaWiRQaO FXQcWiRQV PXVW be ZUiWWeQ aV Whe VXP/diffeUeQce Rf fXQcWiRQV (Qeg. 
e[SRQeQWV aUe Rk) 

 
2

2

5 2b

a

[ [ d[
[
� �

³  = 3 2 2(5 1 2 )
b

a
[ [ d[� �� �³   

PURdXcWV Rf fXQcWiRQV (QRW a cRQVWaQW WiPeV a fXQcWiRQ) PXVW be PXOWiSOied RXW. 

( 3)(2 1)
b

a
[ [ d[� �  ³   
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TUig fXQcWiRQV:  

 UVe ideQWiWieV ² WU\ WR chaQge eYeU\WhiQg WR ViQeV aQd cRViQeV 

P\WhagRUeaQ CRQjXgaWeV - geQeUaWe a diffeUeQce Rf VTXaUeV ViWXaWiRQ VR WhaW 
\RX caQ chaQge Whe deQRPiQaWRU fURP 2 WeUPV WR 1. 

 
1

1 ViQ
b

a
d[

[
 

�³   
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E[aPSOe 1. EYaOXaWe Whe defiQiWe iQWegUaO. 

a.  

6

2

6d[
�
³  

 

� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f [

F [

a b

F b

F a

 

 

  

  

  

  

b. � �
6

2

1

2 1[ d[�³      

 

� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f [

F [

a b

F b

F a
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c. � �
2

0

2 t tdt�³  

 
� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f t

F t

a b

F b

F a

 

 

  

  

  

 

 

 

 

d. � �
4

3

1

2 5v dv�³   

 

� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f v

F v

a b

F b

F a
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E[aPSOe 2: EYaOXaWe Whe defiQiWe iQWegUaO.  

a.  
3

6

1
1 cRV

d[
[

S

S
 

�³     

 
 
� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f [

F [

a b

F b

F a
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b. 
6 2 2

2
( 8)[ d[�  ³   

 

� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f [

F [

a b

F b

F a

 

 

  

  

  

 

E[aPSOe 3. FiQd Whe aUea Rf Whe UegiRQ bRXQded b\ Whe gUaShV Rf Whe eTXaWiRQV. 

31 ,   0,    8,    0.\ [ [ [ \ �     

� �

� �

� �

� �

_____________

_____________

_____      _____

______ _____

______ _____

f [

F [

a b

F b

F a
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THE MEAN VALUE THEOREM FOR INTEGRALS 

If f  iV cRQWiQXRXV RQ Whe cORVed iQWeUYaO > @,a b , WheQ WheUe e[iVWV a 

QXPbeU c  iQ Whe cORVed iQWeUYaO > @,a b  VXch WhaW  

                                 � � � � � �
b

a

f [ d[ f c b a �³  

 

 

 

 

 

 

 

DefiQiWiRQ Rf Whe AYeUage VaOXe Rf a FXQcWiRQ RQ aQ IQWeUYaO 

If f  iV iQWegUabOe RQ Whe cORVed iQWeUYaO > @,a b , WheQ Whe aYeUage YalXe 

Rf f  RQ Whe iQWeUYaO iV 

                                   � �1 b

a

f [ d[
b a� ³  

If \RX iVROaWe ________ iQ Whe ___________ __________ _______________ 
fRU ________________, Whe RWheU Vide Rf Whe _______________ iV Whe  
_____________ ____________ Rf Whe fXQcWiRQ. 
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E[aPSOe 3. FiQd Whe YaOXe(V) Rf c gXaUaQWeed b\ Whe MeaQ VaOXe TheRUeP fRU 

IQWegUaOV fRU Whe fXQcWiRQ � � cRV ,    ,
3 3

f [ [ S Sª º �« »¬ ¼  
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E[aPSOe 4. FiQd Whe aYeUage YaOXe Rf Whe fXQcWiRQ � � � � > @
2

2

4 1
,    1,3

[
f [

[
�

  aQd 

aOO Whe YaOXeV Rf [ iQ Whe iQWeUYaO fRU Zhich Whe fXQcWiRQ eTXaOV iWV aYeUage YaOXe. 
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The VecRQd fXQdaPeQWaO WheRUeP Rf caOcXOXV: 

 

 

 

CRQVideU  

� � � �
3

1
[

F [ t dt �³   
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� � � �
[

a

d f t dt f [
d[

 ³   

E[aPSOe 5.   

a. FiQd  
2

0
( 7)

[d t dt
d[

�³          

 
 
 
 
 
 
 
 
 
 
 
 
 

b. FiQd 
4

60 1
[d t dt

d[ t�³       
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� �� �u g [

a

d f t dt
d[

 
 ³   

 

 

 

 

 

c. FiQd 
2

1
OQ

[d tdt
d[ ³  
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d. FiQd 
cRV 2

0
1

[d t dt
d[

�³  

 

 

 

 

The NeW ChaQge TheRUeP: 

 

 

 

E[aPSOe 6: AW 1:00PM, RiO begiQV OeakiQg fURP a WaQk aW a UaWe Rf � �4 0.75t�  

gaOORQV SeU hRXU.  

a. HRZ PXch RiO iV ORVW fURP 1:00PM-4:00PM? 
 
 
 
 

b. HRZ PXch RiO iV ORVW fURP 4:00PM-7:00PM? 
 
 
 
 

c. WhaW did \RX QRWice?  
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E[aPSOe 7. CRQVideU Whe iQWegUaO 
0

cRV [d[
S

³   

 

 

 

 

  

 

WhaW if Ze ZaQWed WR fiQd Whe WRWaO aUea? 
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4.5: InWegUaWion b\ SXbVWiWXWion 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S UVe SaWWeUQ UecRgQiWiRQ WR fiQd aQ iQdefiQiWe iQWegUaO. 
S UVe a chaQge Rf YaUiabOeV WR fiQd aQ iQdefiQiWe iQWegUaO. 
S UVe Whe GeQeUaO PRZeU RXOe fRU IQWegUaWiRQ WR fiQd aQ iQdefiQiWe iQWegUaO. 
S UVe a chaQge Rf YaUiabOeV WR eYaOXaWe a defiQiWe iQWegUaO. 
S EYaOXaWe a defiQiWe iQWegUaO iQYROYiQg aQ eYeQ RU Rdd fXQcWiRQ. 

 

WaUP-XS: FiQd Whe iQdefiQiWe iQWegUaO RU eYaOXaWe Whe defiQiWe iQWegUaO. 

a. Vec WaQ[ [d[³  

 
 

b. � �2 2ViQ cRV[ [ d[�³  

 
 

c. 

24

3

5 7 6
2

[ [ d[
[
� �
�³  
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WheQ WU\iQg WR iQWegUaWe _______________ fXQcWiRQV, Ze caQ XVe a PeWhRd 
caOOed ´_______________Rf _________________________µ, RU, aV Ze gaiQ 
RUe e[SeUieQce, Ze caQ XVe ________________________ UecRgQiWiRQ WR 
iQWegUaWe Whe cRPSRViWe fXQcWiRQ ZiWhRXW aV PXch e[WUa ZRUk. JXVW Oike ZiWh Whe 
ChaiQ RXOe iQ diffeUeQWiaWiRQ, Whe PRUe \RX _____________________, Whe 
eaVieU iW iV WR ´__________________µ Whe deUiYaWiYe ZiWhRXW WakiQg Whe WiPe WR 
ZUiWe RXW aOO Whe VWeSV.  

 

 

AnWidiffeUenWiaWion of a ComSoViWe FXncWion 

LeW g be a fXQcWiRQ ZhRVe UaQge iV aQ iQWeUYaO I, aQd OeW f be a fXQcWiRQ WhaW iV 
cRQWiQXRXV RQ I. If g iV diffeUeQWiabOe RQ iWV dRPaiQ aQd F iV aQ aQWideUiYaWiYe Rf f 
RQ I, WheQ 

( ( )) '( ) ( ( ))f g [ g [ d[ F g [ C �³   

B\ VXbVWiWXWiRQ, if Ze OeW ( )u g [  WheQ '( )du g [  aQd  

( ) ( )f u du F u C �³   

 

IQ RUdeU WR XVe X-VXbVWiWXWiRQ, \RX PXVW UecRgQi]e WhaW \RX aUe WU\iQg WR 
iQWegUaWe a cRPSRViWe fXQcWiRQ. IW iV iPSRUWaQW fRU \RX WR be abOe WR decRPSRVe 
Whe cRPSRViWe fXQcWiRQ. 
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� �� � � � � � � � � �                        f g [ g [ d[ F [ C f u du F u Cc  �  �³ ³   

E[aPSOe 1. FiQd Whe iQdefiQiWe iQWegUaO. 

a.   
2 2( 3) (2 )[ [ d[�³       

 
 
 
 
 
 
 
 
 
 

b.  
2 33 1[ [ d[�³  
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� �� � � � � � � � � �                        f g [ g [ d[ F [ C f u du F u Cc  �  �³ ³  

MaQ\ iQWegUaQdV cRQWaiQ Whe eVVeQWiaO SaUW Rf '( )g [  bXW aUe PiVViQg a cRQVWaQW 
PXOWiSOe. HRZ ZiOO Ze deaO ZiWh WhaW ZheQ iW haSSeQV? 

E[aPSOe 2. FiQd Whe iQdefiQiWe iQWegUaO. 

2 3ViQ( )[ [ d[³  
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Change of VaUiableV 

We caQ be PRUe fRUPaO aQd UeZUiWe Whe iQWegUaO iQ WeUPV Rf aQRWheU YaUiabOe 
(XVXaOO\ Ze XVe Whe YaUiabOe X aQd WheUefRUe Ze UefeU WR WhiV aV X-VXbVWLWXWLRQ).  

GXidelineV foU Making a Change of VaUiableV 

1. ChRRVe a VXbVWiWXWiRQ u . UVXaOO\, iW iV beVW WR chRRVe Whe LQQeU SaUW Rf a 
cRPSRViWe fXQcWiRQ, VXch aV a TXaQWiW\ UaiVed WR a SRZeU. 

2. CRPSXWe   � �           
          

d duu d[
d[

 o  . 

 
 
 
 

3. ReZUiWe Whe iQWegUaO iQ WeUPV Rf Whe YaUiabOe u . 
 
 

4. FiQd Whe UeVXOWiQg iQWegUaO iQ WeUPV Rf u . 
 
 
 

5. Back VXbVWiWXWe u b\ Whe RUigiQaO e[SUeVViRQ WR RbWaiQ aQ aQWideUiYaWiYe iQ 
WeUPV Rf [ (RU ZhaWeYeU \RXU RUigiQaO YaUiabOe ZaV). 
 
 
 

6. Check \RXU aQVZeUV b\ diffeUeQWiaWiQg. 
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� �� � � � � � � � � �                        f g [ g [ d[ F g [ C f u du F u Cc  �  �ª º¬ ¼³ ³  

E[aPSOe 3. EYaOXaWe Whe fROORZiQg: 

a. 1t dt�³   
 

 

 

 

 

 

 

 

b. 1t t dt�³  
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� �� � � � � � � � � �                        f g [ g [ d[ F g [ C f u du F u Cc  �  �ª º¬ ¼³ ³  

c. � �
4

55

2

10

[ d[
[ [

�

�
³   
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� �� � � � � � � � � �                        f g [ g [ d[ F g [ C f u du F u Cc  �  �ª º¬ ¼³ ³  

d. 
2ViQ 2 cRV 2[ [d[³  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e. 
2ViQ 2[d[³   
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TheUe 
aUe 

VXbVWiWXWiRQV WhaW aUe VR XVefXO, WhaW Whe\ aUe ZRUWh QRWiQg e[SOiciWO\. We haYe 
aOUead\ XVed WheP iQ Whe SUeYiRXV e[aPSOeV: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ShifWing RXle foU InWegUaWion: 

TR eYaOXaWe ( )f [ a d[�  fiUVW eYaOXaWe ( )f u du³ , WheQ VXbVWiWXWe [ a�  

fRUu : 

( ) ( ) ,  ZheUe ( ) ( ) .f [ a d[ F [ a C F u f u du�  � �  ³  

Scaling RXle foU InWegUaWion: 

TR eYaOXaWe ( )f b[ d[  eYaOXaWe ( )f u du³ , diYide b\ b  aQd VXbVWiWXWe fRU 

b[ fRUu : 

1( ) ( ) ,  ZheUe ( ) ( ) .f b[ d[ F b[ C F u f u du
b

 �  ³  
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TheoUem: Change of VaUiable foU DefiniWe InWegUalV 

If Whe fXQcWiRQ ( )u g [  haV a cRQWiQXRXV deUiYaWiYe RQ Whe cORVed iQWeUYaO [a,b] 
aQd f iV cRQWiQXRXV RQ Whe UaQge Rf ,g WheQ 

( )

( )

( ( )) '( ) ( )
u g b[ b

[ a u g a

f g [ g [ d[ f u du
  

  

 ³ ³   

E[aPSOe 5: EYaOXaWe Whe defiQiWe iQWegUaOV: 

a. 
3

2 2
1

3
( 5)

[ d[
[ �³     

 
 
 
 
 
 
 
 

TheoUem: GeneUal PoZeU RXle foU InWegUaWion: 

If g iV a diffeUeQWiabOe fXQcWiRQ Rf [, WheQ 

1[ ( )][ ( )] '( ) ,  1.
1

n
n g [g [ g [ d[ C n

n

�

 � z �
�³  

ETXiYaOeQWO\, if ( )u g [  WheQ 

1

( ) ,  Q 1.
1

n
n uu du C

n

�

 � z �
�³  
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b. 
6

2 2 3

0

WaQ[ [ d[
S

³  

 

 

 

 

 

 

 

 

TheoUem: InWegUaWion of EYen and Odd FXncWionV 

LeW f be iQWegUabOe RQ Whe cORVed iQWeUYaO [a,-a]. 

1. If f iV aQ eYeQ fXQcWiRQ, WheQ 
0

( )  2 ( )
a a

a

f [ d[ f [ d[
�

 ³ ³   

 
 
 
 

2. If f iV aQ Rdd fXQcWiRQ, WheQ ( )  0
a

a

f [ d[
�

 ³  
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E[aPSOe 5: EYaOXaWe Whe defiQiWe iQWegUaO. 

a. 

2

2

ViQ cRV[ [d[
S

S�
³

 
 
 
 
 
 
 
 
 
 
 
 
 

b. � �
2

4 2

2

3[ [ d[
�

�³  
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5.1: The NaWXUal LogaUiWhmic FXncWion: DiffeUenWiaWion 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S DeYeORS aQd XVe SURSeUWieV Rf Whe QaWXUaO ORgaUiWhPic fXQcWiRQ 
S UQdeUVWaQd Whe defiQiWiRQ Rf Whe QXPbeU e  
S FiQd deUiYaWiYeV iQYROYiQg Whe QaWXUaO ORgaUiWhPic fXQcWiRQ 

 
WaUP-XS: 

1. UVe Whe OiPiW defiQiWiRQ Rf Whe deUiYaWiYe WR fiQd Whe deUiYaWiYe Rf � � 3f [
[

  

ZiWh UeVSecW WR [.  
 
 
 
 
 
 
 
 
 
 
 
 
 

2. GUaSh OQ\ [ . 
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DEFINITION OF THE LOGARITHMIC FUNCTION BASE e  
If a  iV a SRViWiYe UeaO QXPbeU ( 1a z ) aQd [ iV aQ\ SRViWiYe UeaO QXPbeU, WheQ 
Whe logaUiWhmic fXncWion Wo Whe baVe e iV defiQed aV  

ORg ________________a [  . 

The nXmbeU e : 

The QXPbeU e  caQ be defiQed aV a _____________; VSecificaOO\, � �1
0

OiP 1 v

v
v

o
� . 

The QaWXUaO ORgaUiWhPic fXQcWiRQ aQd Whe QaWXUaO e[SRQeQWiaO fXQcWiRQ aUe 
_________________ Rf each RWheU. 
 
 
 
 
 
 
 
 

 

PROPERTIES OF INVERSE FUNCTIONS 

1.  iff _________________[\ e 
 

2. OQ _____,  fRU 0[e [ !  
 

3. OQ _______,  fRU aOO [e [  
 

 

PROPERTIES OF NATURAL LOGS 

1. OQ1 _____  
2. OQ _____e   

3. OQ ______________[\   

4. OQ ______________[
\
  

5. OQ ______________n[   
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The iQYeUVe UeOaWiRQVhiS beWZeeQ Whe QaWXUaO ORgaUiWhPic fXQcWiRQ aQd Whe QaWXUaO 
e[SRQeQWiaO fXQcWiRQ caQ VXPPaUi]ed aV fROORZV: 

 

 

 

E[aPSOe 1: CRQdeQVe Whe fROORZiQg ORgaUiWhPic e[SUeVViRQV. 

a.  � � � � � �OQ 8 OQ 2 5OQ[ [ [� � � �ª º¬ ¼  

 
 
 
 
 
 
 
 
 

b. 
1 OQ 8OQ OQ
2

[ ] \� �  

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 211 

 

E[aPSOe 2: E[SaQd Whe fROORZiQg ORgaUiWhPic e[SUeVViRQV. 

a.  
32

4
1OQ

2 5
[
[

§ ·�
¨ ¸�© ¹

 

 
 
 
 
 
 
 
 
 
 

b. 
51 cRV

cRV 2
[
[

�§ ·
¨ ¸
© ¹
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E[aPSOe 3: SROYe Whe fROORZiQg eTXaWiRQV. GiYe Whe e[acW UeVXlW aQd WheQ URXQd WR 
3 deciPaO SOaceV. 

a.  � � � �OQ 2 OQ 2 16[ [� � �   

 
 
 
 
 
 
 
 
 
 
 

b. 
31 30

2
te  
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DERIVATIVE OF THE NATURAL LOGARITHMIC FUNCTION 
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THEOREM: DERIVATIVES OF THE NATURAL LOGARITHMIC FUNCTION 

LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [  VXch WhaW 0u z , WheQ 

1. > @OQ ________d [
d[

     2. > @OQ ________________d u
d[

  

 

E[aPSOe 4: FiQd Whe deUiYaWiYe ZiWh UeVSecW WR [ . 

a. OQ 5\ [  
 
 
 
 

b. � � � �OQ 1 2f [ [ �  

 
 
 
 
 

c. � � OQ [f [ [  
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d. 
2 1OQ

1
[\

[
�

 
�  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

e. 2OQ cRV\ [  
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f. 
2OQ 10[\ [ \� �   

 
 
 
 
 
 
 
 
 
 
 
 

THEOREM: DERIVATIVE INVOLVING ABSOLUTE VALUE 

LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [ VXch WhaW 0u z , WheQ  

 OQ ________________d u
d[

ª º  ¬ ¼  

PURRf: 
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E[aPSOe 5: FiQd Whe deUiYaWiYe Rf Whe fXQcWiRQ ZiWh UeVSecW WR [. 

� � OQ Vec WaQf [ [ [ �  

 

 

 

 

 

 

 

E[aPSOe 6: DiffeUeQWiaWe Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [. 

a. � � � �� �2 1 2f [ [ [ [ � �  
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b. 

2 32

2

4
4

[\
[

§ ·�
 ¨ ¸�© ¹  
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E[aPSOe 7: FiQd aQ eTXaWiRQ Rf Whe WaQgeQW OiQe Rf Whe fXQcWiRQ 

� � 2ViQ 2 OQf [ [ [  aW Whe SRiQW � �1,0 . 
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5.2: The NaWXUal LogaUiWhmic FXncWion: InWegUaWion 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S UVe Whe LRg RXOe fRU IQWegUaWiRQ WR iQWegUaWe a UaWiRQaO fXQcWiRQ 
S IQWegUaWe WUigRQRPeWUic fXQcWiRQV 

 
WaUP-XS: 
 1. DiffeUeQWiaWe Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [.  
 

a. OQ 5\ [ [  
 
 
 
 
 
 
 
 
 
 

b. � � � �OQ OQ[\ [ \ � .  
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THEOREM: LOG RULE FOR INTEGRATION 
 
LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [ . 

1. 
1 OQd[ [ C
[

 �³  2. 
1 OQd[ u C
u

 �³  

 

 

 

 

 

 

E[aPSOe 1: FiQd RU eYaOXaWe Whe iQWegUaO. 

a. 
10d[
[³  
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b. 
2

35
[ d[
[�³  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c. 21
[ d[
[�³  
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d. 
2

OQ
e

e

d[
[ [³  

 
 
 
 
 
 
 
 
 
 
 
 
 

e. 
� �2

1

1 OQe [ d[
[

�
³  

 
 
 
 
 
 
 
 
 
 
 
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 224 

 

f. � �2 3 1 3

1
1

d[
[ [�³  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

g. 
3 6 20

5
[ [ d[

[
� �
�³  
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h. WaQ dT T³  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

i. cRW dT T³  
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j. Vec dT T³  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

k. cVc dT T³  
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INTEGRALS OF THE SIX BASIC TRIGONOMETRIC FUNCTIONS 

ViQ _______________   cRV _______________

WaQ _______________   cRW _______________

Vec _______________   cVc _______________

udu udu

udu udu

udu udu

  

  

  

³ ³
³ ³
³ ³

  

E[aPSOe 2: SROYe Whe diffeUeQWiaO eTXaWiRQ. 

a. 
1
1

[\
[
�c  
�   

 
 
 
 
 
 
 
 
 
 

b. 2WaQr T Tc   
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E[aPSOe 3: The dePaQd eTXaWiRQ fRU a SURdXcW iV 
90,000 .
400 3

p
[

 
�  FiQd Whe 

aYeUage SUice RQ Whe iQWeUYaO 40 50[d d  . 
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5.3: InYeUVe FXncWionV 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S VeUif\ WhaW RQe fXQcWiRQ iV Whe iQYeUVe Rf aQRWheU fXQcWiRQ 
S DeWeUPiQe ZheWheU a fXQcWiRQ haV aQ iQYeUVe fXQcWiRQ 
S FiQd Whe deUiYaWiYe Rf aQ iQYeUVe fXQcWiRQ 

 
WaUP-US: 

 

1. UVe Whe HRUi]RQWaO LiQe TeVW WR VhRZ WhaW 5( ) 3f [ [ �  iV RQe-WR-RQe. 
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2. LeW 1 2( ) [g [
[
�

  aQd ( )
2

[h [
[

 
�

 fiQd ( ( ))g h [   

 

 

 

 

 

 

 

 

 

 

 

 

 

RecaOO fURP PUecaOcXOXV: 
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IPSRUWaQW ObVeUYaWiRQV abRXW iQYeUVe fXQcWiRQV: 

 

1. If g  iV Whe _________________ fXQcWiRQ Rf ,f WheQ _____ iV Whe iQYeUVe 
fXQcWiRQ Rf ______. 

2. The ____________ Rf 1f �  iV eTXaO WR Whe _____________ Rf ____, aQd Whe ___________ Rf 
1f � iV eTXaO WR Whe _______________ Rf ____. 

3. If a fXQcWiRQ haV aQ iQYeUVe, Whe iQYeUVe iV ______________. 
4. 1( ( ))f f [�   _________ aQd 1( ( ))f f [�   ____________. 
5. A fXQcWiRQ haV aQ iQYeUVe if aQd RQO\ if iW iV __________ - _____ -________. 

 

 

 

PURRf: 
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E[aPSOe 1: GUaSh each fXQcWiRQ aQd YeUif\ WhaW Whe fROORZiQg fXQcWiRQV aUe iQYeUVeV Rf each RWheU.   

  2( ) 16 ,  0   ( ) 16f [ [ [ g [ [ � d  � �   
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E[aPSOe 2: FiQd 1f �  Rf 3 2( )
1
[f [

[
�

 
�

 . 
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E[aPSOe 3: PURYe WhaW 3( ) 2 3f [ [ [ � �  haV aQ iQYeUVe fXQcWiRQ (\RX dR QRW Qeed WR fiQd iW). 

 

 

 

 

 

 

 

 

 

 

DeUiYaWiYe Rf aQ IQYeUVe FXQcWiRQ: 

 

 

PURRf: 
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PURRf: 
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E[aPSOe 4. LeW 3( ) 2 3f [ [ [ � �   

a. WhaW iV Whe YaOXe Rf 1( )f [�  ZheQ [ = 0? 
 
 
 
 
 
 
 

b. WhaW iV Whe YaOXe Rf ( )f [c  ZheQ [ = 0? 
 

 

 

 

 

 

 

c. WhaW iV Whe YaOXe Rf 1( ) ( )f [� c ZheQ [ = 0? 
 

 

 

d. WhaW dR \RX QRWice abRXW Whe VORSeV Rf f aQd 1f �   
 

 

 

GUaShV Rf iQYeUVe fXQcWiRQV haYe __________________________ VORSeV. 
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5.4: E[SonenWial FXncWionV: DiffeUenWiaWion and InWegUaWion 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S DeYeORS SURSeUWieV Rf Whe QaWXUaO e[SRQeQWiaO fXQcWiRQ 
S DiffeUeQWiaWe QaWXUaO e[SRQeQWiaO fXQcWiRQV 
S IQWegUaWe QaWXUaO e[SRQeQWiaO fXQcWiRQV 

 
WaUP-XS: 
 1. DiffeUeQWiaWe Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [.  
 

a. 5[\ [  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. � � cRV2OQ [f [ e . 
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DEFINITION: THE NATURAL EXPONENTIAL FUNCTION 
The iQYeUVe fXQcWiRQ Rf Whe QaWXUaO ORgaUiWhPic fXQcWiRQ � � OQf [ [ iV caOOed 

Whe naWXUal e[SonenWial fXncWion aQd iV deQRWed b\ 

 

ThaW iV, 

 

The iQYeUVe UeOaWiRQVhiS beWZeeQ Whe QaWXUaO ORgaUiWhPic fXQcWiRQ aQd Whe QaWXUaO 
e[SRQeQWiaO fXQcWiRQ caQ VXPPaUi]ed aV fROORZV: 

 

 

 

E[aPSOe 1: SROYe Whe fROORZiQg eTXaWiRQV. GiYe Whe e[acW UeVXlW aQd WheQ URXQd WR 
3 deciPaO SOaceV. 

a.  
OQ 6 20[e   
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b. 2

5000 2
1 [e

 
�  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c. OQ 8 3[   
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d. 2 2 8 0[ [e e� �    

 

 

 

 

 

 

 

 

 

 

 

E[aPSOe 2: SkeWch Whe gUaSh Rf � � 12 [f [ e �  ZiWhRXW XViQg \RXU gUaShiQg 

caOcXOaWRU. 
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DERIVATIVE OF THE NATURAL EXPONENTIAL FUNCTION 

 

 

 

 

 

 

 

 

THEOREM: DERIVATIVES OF THE NATURAL EXPONENTIAL FUNCTION 

LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [ . 

1. 
[ [d e e

d[
ª º  ¬ ¼     2. ________________ud e

d[
ª º  ¬ ¼  

E[aPSOe 3: FiQd Whe deUiYaWiYe ZiWh UeVSecW WR [ . 

a. 
35 [\ e �  
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b. � � 3[f [ [e  

 
 
 
 
 
 
 
 
 
 
 

c. 
1OQ
1

[

[

e\
e

�
 

�  
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d. 2

[ [e e\
��
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e. 
2 2 10[\e [ \� �   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f. � � � �
2

0
OQ 1

[e
F [ t dt �³  
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E[aPSOe 4: FiQd aQ eTXaWiRQ Rf Whe WaQgeQW OiQe Rf Whe fXQcWiRQ 1 OQ [ \[\ e ��   

aW Whe SRiQW � �1,1 . 
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E[aPSOe 5: FiQd Whe e[WUePa aQd SRiQWV Rf iQfOecWiRQ Rf Whe fXQcWiRQ 

� � � �23 21
2

[g [ e
S

� � . 
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THEOREM: INTEGRATION RULES FOR NATURAL EXPONENTIAL FUNCTIONS 

LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [ . 

1. ____________[e d[  ³     2. ____________ue du  ³  

 

E[aPSOe 6: FiQd Whe iQdefiQiWe iQWegUaOV aQd eYaOXaWe Whe defiQiWe iQWegUaOV. 

a. 
12[e d[³  

 
 
 
 
 
 

b. 
54 1 [[ e d[�³  
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c. 
2

21

[

[

e d[
e�³  

 
 
 
 
 
 
 
 
 
 
 
 
 

d.  
2 2 1[ [

[

e e d[
e
� �

³  
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e. 
WaQ 2 2Vec 2[e [d[³  

 
 
 
 
 
 
 
 
 
 
 
 

f. 
1

0 5

[

[

e d[
e�³  
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E[aPSOe 7: SROYe Whe diffeUeQWiaO eTXaWiRQ. 

� �2[ [d\ e e d[
d[

� �  

 

 

 

 

 

 

 

E[aPSOe 8: The PediaQ ZaiWiQg WiPe (iQ PiQXWeV) fRU SeRSOe ZaiWiQg fRU VeUYice iQ a 

cRQYeQieQce VWRUe iV giYeQ b\ Whe VROXWiRQ Rf Whe eTXaWiRQ 
0.3

0

10.3
2

[ te dt�  ³ . SROYe 

Whe eTXaWiRQ. 
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5.5: BaVeV oWheU Whan e and ASSlicaWionV 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S DefiQe e[SRQeQWiaO fXQcWiRQV WhaW haYe baVeV RWheU WhaQ e  
S DiffeUeQWiaWe aQd iQWegUaWe e[SRQeQWiaO fXQcWiRQV WhaW haYe baVeV RWheU 

WhaQ e  
S UVe e[SRQeQWiaO fXQcWiRQV WR PRdeO cRPSRXQd iQWeUeVW aQd e[SRQeQWiaO 

gURZWh 
 
WaUP-XS: 
1. EYaOXaWe Whe e[SUeVViRQ ZiWhRXW XViQg a caOcXOaWRU. 

a. 12ORg 144  b. 4
1ORg

16  c. 1 5ORg 25  

 
 

2. SkeWch Whe gUaSh Rf � � 2[f [   ZiWhRXW XViQg \RXU gUaShiQg caOcXOaWRU. 

 
 
 
 
 
 
 
 

DEFINITION: EXPONENTIAL FUNCTION TO BASE a  
If a  iV a SRViWiYe UeaO QXPbeU ( 1a z ) aQd [ iV aQ\ UeaO QXPbeU, WheQ Whe 

e[SonenWial fXncWion Wo Whe baVe a iV deQRWed b\ [a aQd iV defiQed b\ 
� �OQa [[a e . 

If 1a  , WheQ 1 1[\    iV a cRQVWaQW fXQcWiRQ.  
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DEFINITION OF LOGARITHMIC FUNCTION TO BASE a  
If a  iV a SRViWiYe UeaO QXPbeU ( 1a z ) aQd [ iV aQ\ SRViWiYe UeaO QXPbeU, WheQ 

Whe logaUiWhmic fXncWion Wo Whe baVe a iV deQRWed b\ ORga [aQd iV defiQed 

aV  
1ORg OQ

OQa [ [
a

 . 

 

 

PROPERTIES OF LOGS 

1. ORg 1 _____a   

2. ORg _____a a   

3. ORg ______________a [\   

4. ORg ______________n
a [   

 

 

PROPERTIES OF INVERSE FUNCTIONS 

1.  iff _________________[\ a 
 

2. ORg _____,  fRU 0a aa [ !  

3. ORg _______,  fRU aOO [
a a [  

 

 
THEOREM: DERIVATIVES FOR BASES OTHER THAN e  

LeW a  be a SRViWiYe UeaO QXPbeU ( 1a z ) aQd OeW u be a diffeUeQWiabOe 
fXQcWiRQ Rf [ . 

1. ______________[d a
d[

ª º  ¬ ¼  

2. ______________ud a
d[

ª º  ¬ ¼  

3. > @ORg ______________a
d [
d[

  

4. > @ORg ______________a
d u
d[
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E[aPSOe 1: DiffeUeQWiaWe Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [.  
 

a. 2 [\ �  
 
 
 
 
 
 
 
 
 
 

b. � � � �283 [f [ [ �  
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c. � �
24 t

f t
t

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. � � � �32
2ORg 7g t t �  
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e. 
2 1ORg [\
[
�
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ANTIDERIVATIVES OF EXPONENTIAL FUNCTIONS, BASE a  
 

1. � �OQ a [[a d[ e d[ ³ ³  2. 
1

OQ
[ [a d[ a C

a
 �³  

 
E[aPSOe 2: FiQd Whe iQdefiQiWe iQWegUaOV aQd eYaOXaWe Whe defiQiWe iQWegUaOV. 

a. 3[ d[³  

 
 
 
 
 
 
 
 
 

b. 
32 18 [[ d[�³  
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c. 5 [ d[�³  

 
 
 
 
 
 
 
 
 
 
 
 
 

d. � �
1

6 2
e [ [ d[�³  
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E[aPSOe 3: FiQd Whe aUea Rf Whe UegiRQ bRXQded b\ Whe gUaSh Rf  cRV3 ViQ[\ [ , 

0\  , 0[  , aQd [ S .
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E[aPSOe 4: AfWeU t \eaUV, Whe YaOXe Rf a caU SXUchaVed fRU $25,000 iV 

� � 325,000
4

t

V t § · ¨ ¸
© ¹ . 

a. UVe \RXU gUaShiQg caOcXOaWRU WR gUaSh Whe fXQcWiRQ aQd deWeUPiQe Whe YaOXe 
Rf Whe caU 2 \eaUV afWeU iW ZaV SXUchaVed. 

b. FiQd Whe UaWeV Rf chaQge Rf V ZiWh UeVSecW WR tZheQ 1t  aQd 4t  . 

c. UVe \RXU gUaShiQg caOcXOaWRU WR gUaSh � �V tc aQd deWeUPiQe Whe hRUi]RQWaO 

aV\PSWRWe Rf � �V tc . IQWeUSUeW iWV PeaQiQg iQ Whe cRQWe[W Rf Whe SURbOeP. 
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5.6: InYeUVe TUigonomeWUic FXncWionV: DiffeUenWiaWion 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S DeYeORS SURSeUWieV Rf Whe Vi[ iQYeUVe WUigRQRPeWUic fXQcWiRQV 
S DiffeUeQWiaWe aQ iQYeUVe WUigRQRPeWUic fXQcWiRQ 
S ReYieZ Whe baVic diffeUeQWiaWiRQ UXOeV fRU eOePeQWaU\ fXQcWiRQV 

 
WaUP-XS: DUaZ Whe fROORZiQg gUaShV b\ haQd fURP > @,S S� . LiVW Whe dRPaiQ aQd 
UaQge iQ iQWeUYaO QRWaWiRQ.  

a. GUaSh � � ViQf [ [  
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 
 
 

b. GUaSh � � aUcViQg [ [ .  
 
 
Domain:____________ 

 
Range:_____________ 
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c. GUaSh � � cVcf [ [ . 
 
 
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 
 
 
 

d. GUaSh � � aUc cVcg [ [ .  
 

Domain:____________ 
 

Range:_____________ 
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e. GUaSh � � cRVf [ [ . 
 
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 
 
 
 

f. GUaSh � � aUccRVg [ [  
 

 
 

 

 

 
Domain:____________ 

 
Range:_____________ 
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g. GUaSh � � Vecf [ [ . 
 
 
 
 
 
 
 
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 

h. GUaSh � � aUcVecg [ [ .  
 

 

 

 
 
 
 
  

Domain:____________ 
 

Range:_____________ 
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i. GUaSh � � WaQf [ [ . 
 
 
 
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 
 
 
 

j. GUaSh � � aUcWaQg [ [ .  
 

 

Domain:____________ 
 

Range:_____________ 
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k. GUaSh � � cRWf [ [ . 
 
 

ReVWUicWed Domain:____________ 
 

Range:_____________ 
 
 
 
 
 
 
 
 
 
 
 
 
 

O. GUaSh � � aUc cRWg [ [ .  
 

 

Domain:____________ 
 

Range:_____________ 
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E[aPSOe 1: EYaOXaWe each fXQcWiRQ. 

a. � �aUccRW 1  
 
 

b. 
2aUcViQ

2
§ ·
�¨ ¸¨ ¸
© ¹

 

 
 

c. 
2 3aUcVec

3
§ ·
¨ ¸¨ ¸
© ¹

 

 

d. � �aUcWaQ 3  

 
 

e. 
1aUccRV
2

§ ·�¨ ¸
© ¹

 

 
 
 

f. � �aUccVc 2�  

 

E[aPSOe 2: SROYe Whe eTXaWiRQ fRU [. 

� �aUcWaQ 2 5 1[ �  �  
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E[aPSOe 3: WUiWe Whe e[SUeVViRQ iQ aOgebUaic fRUP. (HINT: SkeWch a UighW 
WUiaQgOe) 

a. � �Vec aUcWaQ 4[  

 
 
 
 
 
 
 
 
 
 
 
 

b. � �cRV aUcViQ [  
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E[aPSOe 4: DiffeUeQWiaWe ZiWh UeVSecW WR [. 

a. aUcViQ\ [  
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b. aUccRV\ [  
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c. aUcWaQ\ [  
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d. aUccVc\ [  
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e. aUcVec\ [  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 274 

 

f. aUccRW\ [  
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WhaW haYe Ze foXnd oXW?! 

 

DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS 

 LeW u be a diffeUeQWiabOe fXQcWiRQ Rf [ . 

1. > @
2

aUcViQ
1

d uu
d[ u

c
 

�
 

2. > @
2

aUccRV
1

d uu
d[ u

c
 �

�
 

3. > @ 2aUcWaQ
1

d uu
d[ u

c
 

�
 

 

4. > @ 2aUccRW
1

d uu
d[ u

c
 �

�
 

5. > @
2

aUcVec
1

d uu
d[ u u

c
 

�
 

6. > @
2

aUccVc
1

d uu
d[ u u

c
 �

�

 
E[aPSOe 5: FiQd Whe deUiYaWiYe Rf Whe fXQcWiRQ. SiPSOif\ \RXU UeVXOW WR a 
ViQgOe UaWiRQaO e[SUeVViRQ ZiWh SRViWiYe e[SRQeQWV. 
a. � � 3aUcViQf t t  
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b. � � aUcViQ aUccRVg [ [ [ �  

 
 
 
 
 
 
 

c. � �21aUcWaQ 2 OQ 1 4
4

\ [ [ [ � �  
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d. 225aUcViQ 25
5
[\ [ [ � �  
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E[aPSOe 6: FiQd aQ eTXaWiRQ Rf Whe WaQgeQW OiQe WR Whe gUaSh Rf Whe fXQcWiRQ  

1 aUccRV
2

\ [  aW Whe SRiQW 
2 3,

2 8
S§ ·

�¨ ¸¨ ¸
© ¹

. 
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5.7: InYeUVe TUigonomeWUic FXncWionV: InWegUaWion 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 
S IQWegUaWe fXQcWiRQV ZhRVe aQWideUiYaWiYeV iQYROYe iQYeUVe WUigRQRPeWUic 

fXQcWiRQV 
S UVe Whe PeWhRd Rf cRPSOeWiQg Whe VTXaUe WR iQWegUaWe a fXQcWiRQ 
S ReYieZ Whe baVic iQWegUaWiRQ UXOeV iQYROYiQg eOePeQWaU\ fXQcWiRQV 

 
WaUP-XS: 
 1. DiffeUeQWiaWe Whe fROORZiQg fXQcWiRQV ZiWh UeVSecW WR [.  
 

a. � �2

1aUcWaQ
2 2 4
[\

[
 �

�  
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b. � � � �aUcWaQ aUcViQ[\ [ \ � .  
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2. CRPSOeWe Whe VTXaUe. 
a. 23 4[ [� �  
 
 
 
 
 
 
 
 
 
b. 22 6 9[ [� �  

 
 
 
 
 
 
 
 

WhaW did \oX noWice aboXW Whe deUiYaWiYeV of Whe inYeUVe WUigonomeWUic 
fXncWionV? 

 
 
 
THEOREM: INTEGRALS INVOLVING INVERSE TRIGONOMETRIC 
FUNCTIONS 
LeW u  be a diffeUeQWiabOe fXQcWiRQ Rf [ , aQd OeW 0a ! . 

1. 2 2
aUcViQdu u C

aa u
 �

�
³  

2. 2 2

1 aUcVec
udu C

a au u a
 �

�
³  

3. 2 2

1 aUcWaQdu u C
a u a a

 �
�³  
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E[aPSOe 1: FiQd Whe iQdefiQiWe iQWegUaO, RU eYaOXaWe Whe defiQiWe iQWegUaO. 

a. 2 1
d[

[ [ �
³  

 
 
 
 
 
 
 
 
 
 

 

b. 2 1
[d[
[ �

³  

 
 
 
 
 
 
 
 
 
 

c. 21
d[
[�³  
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d. OQ
d[
[ [³  

 
 
 
 
 
 
 
 
 

e. 
� �2OQ [ d[

[³  

 
 
 
 
 
 
 
 

f. OQ [d[³  
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E[aPSOe 2: FiQd Whe iQWegUaO b\ cRPSOeWiQg Whe VTXaUe. 

a. 2 4 13
d[

[ [� �³  
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b. 4 4
d[

[ [ �
³  
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c. 2

2
4

d[
[ [� �

³  
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d. 2

2 5
2 2
[ d[

[ [
�

� �³  
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e. 2 49 8
[ d[
[ [� �

³  
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f. � �
3

1

1
1

d[
[ [�³  
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g. 
2

20

cRV
1 ViQ

[ d[
[

S

�³  

 

 

 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 291 

 

E[aPSOe 3: FiQd Whe aUea Rf Whe UegiRQ bRXQd b\ Whe gUaShV Rf 

2

4 ,  0,  0 aQd OQ 3.
1

[

[

e\ [ \ [
e

    
�  
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7.1: AUea of a Region BeWZeen TZo CXUYeV 

WheQ \RX fiQiVh \RXU hRPeZRUk \RX VhRXOd be abOe WR« 

S FiQd Whe aUea Rf a UegiRQ beWZeeQ WZR cXUYeV XViQg iQWegUaWiRQ. 
S FiQd Whe aUea Rf a UegiRQ beWZeeQ iQWeUVecWiQg cXUYeV XViQg iQWegUaWiRQ. 
S DeVcUibe iQWegUaWiRQ aV aQ accXPXOaWiRQ SURceVV. 

 

 

 

 

                                                     

 

 

 

CRQVideU WZR fXQcWiRQV WhaW aUe cRQWiQXRXV RQ aQ iQWeUYaO [a,b]. AOVR, Whe gUaSh Rf 
g([) OieV beORZ Whe gUaSh Rf f([). We caQ Vee WhaW Whe aUea Rf Whe UegiRQ beWZeeQ 
Whe gUaShV caQ be WhRXghW Rf aV Whe aUea Rf Whe UegiRQ XQdeU g VXbWUacWed fURP 
Whe aUea Rf Whe UegiRQ XQdeU f. 

TR YeUif\ WhiV iQ geQeUaO, SaUWiWiRQ Whe iQWeUYaO iQWR Q VXbiQWeUYaOV, each Rf ZidWh 
[' . NRWice Whe aUea Rf Whe UecWaQgOe fRUPed iV

( )( ) [ ( ) ( )]i i iA height Zidth f [ g [ ['   � ' . BecaXVe f aQd g  
aUe bRWh cRQWiQXRXV RQ [a,b], VR iV f ² g,  aQd Whe OiPiW 
e[iVWV. SR« 
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1
AUea = OiP [ ( ) ( )]  = [ ( ) ( )]

bn

i in i a

f [ g [ [ f [ g [ d[
of

 

� ' �¦ ³  

 

E[aPSOe 1. FiQd Whe aUea bRXQded b\ Whe gUaShV Rf 
3\ [ , 

23 2\ [ [ � , 
0,  aQd 2.[ [   

 

 

 

 

[

\

5

5

-5

-5
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E[aPSOe 2. SkeWch aQd fiQd Whe aUea Rf Whe bRXQded UegiRQ beWZeeQ Whe WZR 

cXUYeV 

2
2  aQd 1 .

2
[\ [ \  �  

 

  

 

 

 

 

 

 

 

 

[

\

5

5

-5

-5
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[

\

5

5

-5

-5

E[aPSOe 3. FiQd Whe aUea beWZeeQ Whe gUaShV 
2 2 aQd .[ \ \ [ �   
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[

\

5

5

-5

-5

FXncWionV of \ 

 

 

 

 

 

 

 

 

NRZ, cRQVideU Whe WUick Rf UegaUdiQg [ aV a fXQcWiRQ Rf \ WR Pake Whe caOcXOaWiRQV 
PXch ViPSOeU. 

2 2 aQd .[ \ \ [ �   
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[

\

5

5

-5

-5

E[aPSOe 4. FiQd Whe aUea beWZeeQ Whe gUaShV � � � �1 aQd 1.f \ \ f \ \ �  �  
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7.2: VolXme: The DiVk MeWhod 

WheQ \RX aUe dRQe ZiWh \RXU hRPeZRUk, \RX VhRXOd be abOe WR« 

� FiQd Whe YROXPe Rf a VROid Rf UeYROXWiRQ XViQg Whe diVk PeWhRd 
� FiQd Whe YROXPe Rf a VROid Rf UeYROXWiRQ XViQg Whe ZaVheU PeWhRd 
� FiQd Whe YROXPe Rf a VROid ZiWh kQRZQ cURVV VecWiRQV 

The DiVk MeWhod 

WheQ a UejRiQ iQ Whe SOaQe iV UeYROYed abRXW a OiQe, Whe UeVXOWiQg VROid iV a  

_____________ _____ __________________, aQd Whe OiQe iV caOOed Whe  

__________ _____ ___________________.  

E[aPSOeV Rf VROidV Rf UeYROXWiRQ cRPPRQO\ VeeQ aUe a[OeV, bRWWOeV, fXQQeOV, eWc. 
bXW Whe ViPSOeVW VROid Rf UeYROXWiRQ iV a diVk Zhich iV fRUPed b\ UeYROYiQg a 
UecWaQgOe abRXW aQ a[iV adjaceQW WR RQe Vide Rf Whe UecWaQgOe. 

                                          2

VROXPe Rf a diVN = (aUea Rf diVN)(ZidWh Rf diVN)
                            = R ZS

  

 

 

                                         CRQVideU UeYROYiQg Whe UecWaQgOe abRXW Whe a[iV  

                                          Of UeYROXWiRQ. WheQ Ze dR WhiV, a diVk iV                             

                                          geQeUaWed ZhRVe YROXPe iV: 
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                                             2V= R [S' '  

 

 

 

 

ASSUR[iPaWiQg Whe YROXPe Rf a VROid b\ N diVkV Rf ZiWdh [' aQd UadiXV 2( )iR [ giYeV 
XV 

   

   2

1
[ ( )]  

n

i
i

R [ [S
 

'¦  

AQd ViQce Whe aSSUR[iPaWiRQ geWV beWWeU aV 0' o  Ze caQ defiQe: 

 

2 2

0 1
VROXPe Rf a SROid = OiP [ ( )]  = [ ( )]

bn

i
i a

R [ [ R [ d[S S
' o

 

'¦ ³  
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[

\

5

5

-5

-5

E[aPSOe 1 The UegiRQ XQdeU Whe gUaSh Rf 2[ RQ [0,1] iV UeYROYed abRXW Whe [ a[iV. 
SkeWch Whe UeVXOWiQg VROid aQd fiQd iWV YROXPe.                  
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We caQ aOVR XVe Whe YeUWicaO a[iV aV Whe a[iV Rf UeYROXWiRQ.  

 

 

 

 

 

The WaVheU MeWhod 

The ZaVheU PeWhRd iV a Za\ Rf fiQdiQg Whe YROXPe Rf a VROid Rf UeYROXWiRQ ZheQ iW 
haV a hROe iQ Whe PiddOe. ThXV QaPed becaXVe a diVk ZiWh a hROe iQ Whe PiddOe iV a 
ZaVheU. 

     TR Vee hRZ Ze fiQd Whe YROXPe, Ze PXVW                                               

                                           cRQVideU Whe iQQeU aQd RXWeU Uadii. LeW·V caOO Whe                

                                           RXWeU UadiXV ( )R [  aQd Whe iQQeU UadiXV ( )r [ . If  

                                           Ze UeYROYe Whe UegiRQ abRXW Whe a[iV Rf  

                                           UeYROXWiRQ, Whe YROXPe Rf Whe VROid iV: 
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                                                   2 2V = ([ ( )] [ ( )] )
b

a

R [ r [ d[S �³      
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E[aPSOe 2 SkeWch aQd WheQ fiQd Whe YROXPe Rf Whe VROid fRUPed b\ UeYROYiQg Whe 
UegiRQ bRXQded b\ Whe gUaShV Rf ViQ  aQd \ [ \ [   RQ [0, S/2] abRXW Whe [-a[iV.  
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E[aPSOe 3. FiQd Whe YROXPe Rf Whe VROid geQeUaWed b\ UeYROYiQg Whe UegiRQ bRXQded 
b\ Whe gUaShV Rf 22 ,  0,  2\ [ \ [    abRXW Whe a) \-a[iV, aQd WheQ b) Whe OiQe \ = 8. 
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SolidV ZiWh KnoZn CUoVV SecWionV 

 

We haYe ORRked aW fiQdiQg Whe YROXPe Rf a VROid haYiQg a ciUcXOaU cURVV VecWiRQ 
ZheUe 2A RS  BXW Ze caQ geQeUaOi]e WhiV PeWhRd WR VROidV Rf aQ\ VhaSe aV ORQg aV 
Ze kQRZ a fRUPXOa fRU Whe aUea Rf aQ aUbiWUaU\ cURVV VecWiRQ. 
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E[aPSOe 4. UVe Whe diVk PeWhRd WR YeUif\ WhaW Whe YROXPe Rf a UighW ciUcXOaU cRQe 

iV 21
3

r hS  ZheUe U iV Whe UadiXV Rf Whe baVe aQd K iV Whe heighW. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 307 

 

E[aPSOe 5. A PaQXfacWXUeU dUiOOV a hROe WhURXgh Whe ceQWeU Rf a PeWaO VSheUe Rf 
UadiXV 6. The hROe haV UadiXV U. WhaW YaOXe Rf U ZiOO SURdXce a UiQg ZhRVe YROXPe iV 
e[acWO\ haOf Whe YROXPe Rf Whe VSheUe? 

 




